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Abstract 

In this paper it is proved that near a compact, invariant, proper subset of a C" flow 
on a locally compact, connected metric space, at least one, out of twenty eight relevant 
dynamical phenomena, will necessarily occur. This result (Theorem 1) shows that as- 
suming the connectedness of the phase space, impUes the existence of a considerably 
deeper classification of topological flow behaviour in the vicinity of compact invariant 
sets than that described in the classical theorems of Ura-Kimura and Bhatia. The pro- 
posed classification brings to light, in a systematic way, the possibifity of occurrence of 
orbits of infinite height arbitrarily near the compact invariant in question, and this under 
relatively simple conditions. Singularities of C°° vector fields displaying this strange 
phenomenon occur in every dimension n > 3 (in this paper, a C°° flow on §^ exhib- 
iting such an equilibrium is constructed). Near periodic orbits, the same phenomenon 
is observable already in dimension 4 (and on every manifold of dimension n>5). As 
a corollary to the main result, an elegant characterization of the topological Hausdorff 
structure of the set of all compact minimal sets of the flow is obtained (Theorem 2). 
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sets, topological Hausdorff structure, non-hyperboUc singularities and periodic orbits, 
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Fig. 1: Example of the occurrence of orbits of infinite height. This figure illustrates 
case 8.6 of Theorem 1. 
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1. INTRODUCTION. 

The present work establishes a natural classification of topological behaviour 
of flows near arbitrary compact invariant sets K, on locally compact con- 
nected metric spaces M (e.g. on 2nd countable, Hausdorff, compact or not, 
connected manifolds). It can be seen as a considerably deep generalization of a 
classical topological-dynamical result of Ura and Kimura [I13II and Bhatia (see 
e.g. [IJ, p. 114), when the hypothesis of connectedness of the phase space is 
added. The Ura-Kimura-Bhatia Theorem states that if M is a locally compact 
(but not necessarily connected) metric space and K is as above, then at least 
one of the following four cases takes place: 

I. K is an attractor {i.e. asymptotically stable) 

II. K is arepeller {i.e. negatively asymptotically stable) 

III. there are points x,y eM\K such that (d ^ a{x) C K and 7^ (0(j) CK 

IV. every neighbourhood of K contains a compact invariant set that contains 
K as a proper subset (i.e. K is not an isolated invariant set). 

While valid for very general flows/phase spaces and despite its importance, 
namely, in persistence theory (see e.g. the preface of [1 1 J), the above result has, 
in our opinion, an obvious serious limitation that hinders the possibility of a 
natural, substantial deepening of the classification it proposes: since the phase 
space is not assumed to be connected, a (nonvoid) compact invariant set Q^M 
may be open in M. This makes Q simultaneously an attractor and a repeller, 
while in fact Q neither attracts nor repels a single point outside itself. Actually 
as M\Q is closed, sufficiently near but outside Q the flow is vacuous! 

Adding the assumption of connectedness of the phase space dramatically im- 
proves the possibility of partially describing the "dynamical landscape" in the 
vicinity of a compact invariant set. Natural considerations lead to the identific- 
ation of twenty five possible relevant dynamical phenomena that fall under case 
IV of the Ura-Kimura-Bhatia Theorem. Moreover the whole twenty eight cases 
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are distributed among five groups, two cases belonging to distinct groups being 
incompatible i.e cannot be simultaneously satisfied. A key role in the classific- 
ation is played by compact invariant sets (d ^ K C M that are either attractors 
or repellers or isolated from minimal sets and stagnant. By the later we mean 
that for some neighbourhood U of K, U\K contains no minimal set of the 
flow and in addition condition III above is satisfied. Although the main result 
of this paper (Theorem 1) goes much deeper, a "flavour" of some of its most 
important conclusions is given in the following corollary: 

Let M be a locally compact, connected metric space with a flow Q and 
K a compact, invariant, proper subset of M. Then: 

either I) K is an attractor 

or II) K is a repeller 

or III) K is isolated from minimal sets and stagnant. 

or IV) there is a nonvoid, compact, connected invariant set 2 C bd ^ 
and a sequence d M\K of compact minimal sets of the flow such that the 
following three conditions hold: 

• (A^J converges to Q in the Hausdorff metric 

• all A' s belong to the same one of the following three classes: equilibrium 
orbits, periodic orbits, aperiodic compact minimals sets 

• either all A' s are attractors or they are repellers or they are all isolated 
from minimal sets and stagnant. 

or V) for all sufficiently small open neighbourhood U of K, the compact 
minimals sets contained in U\K form a nonvoid c-dense in itself set i.e. any 
neighbourhood of a compact minimal set A G U \ K contains a continuum of 
compact minimal sets^ 

Finally if none of conditions I to Y holds, then orbits of infinite heigh^ will 
necessarily occur arbitrarily near but outside K, more precisely, 

VI) Given any neighbourhood U of K, there is a sequence of orbits 
CU\K such that 

cl7i D c\y2 2 2 c\y„ 2 

' note that M being locally compact, every sufficiently small neighbourhood of K may 
contain only compact minimal sets, hence in both IV and V we may actually replace compact 
minimal set(s) by minimal set(s) everywhere. 

^ An orbit Jo is of infinite height if there is an infinite strict inclusion chain of orbit closures 

cl 7o 2 cl 7, 2 2 cl 7, 2 
(some authors call Jq ™ orbit of infinite depth). 
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Fig. 2: Examples: 1 - case I; 2 - case II; 3 - case III; 4&5 - case IV; 6 - case V; 7 - case 
VI. 

Therefore, if K is neither an attractor nor a repeller and conditions III and 
IV fail, then a "super-abundance" of compact minimal sets (case V) or an out- 
standing kind of limit behaviour (case VI) will emerge arbitrarily near (but 
outside) K. The possible occurrence of the later disturbing dynamical phe- 
nomenon is not a mere theoretical speculation: in section 7 a C°° flow on 
exhibiting it is given. This is made possible by the existence of a C°° flow 
without minimal sets on a non-compact surface of infinite genus (C°°-) em- 
beddable in IR-^ (see Beniere and Meigniez ^ and the pioneer work of Inaba 
[|6l). In a subsequent paper [fT2ll we shall actually show that our classification 
is both pertinent and non-redundant: each of the twenty eight cases it describes 
admits an independent realization either by a C°° flow on a (2nd countable, 
Hausdorff) compact, connected manifold or by a (C^) subflow corresponding 
to a compact, connected invariant subset of such C°° flow (see section 7). 

Among its many interesting consequences, the classification theorerrj^ has 
remarkable, and somewhat unexpected, implications in the topological structure 
of the set CMin(M) of all compact minimal sets of the flow, endowed with the 
Hausdorff metric (see sections 3 and 6). As an example, let 21 be the set 
of compact minimal sets that are either attractors or repellers or isolated from 
minimal sets and stagnant. Then, 



^ see section 3 for a first illustrated presentation and section 6 for the full statement. 
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"//a flow on a locally compact, connected metric space M has only 
countably many compact minimal sets and displays no orbits of inflnite height 
then 21 is necessarily open dense in CMin(M) (in the Hausdorff metric)". 

If the flow displays uncountably many compact minimal sets, then a preliminary 
result (lemma 7) permits to establish a topological decomposition of CMin(M), 
in a certain sense analogue to that of Cantor-Bendixson Theorem for Polish 
spaces: 

''If CMin(M) is uncountable then all but a countable number of compact 
minimal sets of the flow have a continuum of compact minimal sets on each of 
their neighbourhoods ". 

This result brings to light the corresponding analogue proposition Z for the set 
Per(A/) of all periodic orbits of the flow: 

"If Per(M) is uncountable then all but a countable number of periodic orbits 
of the flow have a continuum of periodic orbits on each of their neighbour- 
hoods ". 

There are no counterexamples to Z within "standard" Dynamical Systems 
Theory: its negation implies the Negation of the Continuum Hypothesis (this 
is actually a purely topological fact, depending only on the Hausdorff metric 
separability of Per(M) ) . Hence Z is either demonstrable in Zermelo- 
Fraenkel+ Axiom of Choice (ZFC) or it is independent of this standard axio- 
matic (see section 6). 

Despite its topological nature, the greatest interest of Theorem 1 lies in the 
context of C-^ flows on C manifolds|^ Particularly noteworthy is, perhaps, 
its contribution to the understanding of what can happen, from the dynamical 
point of view, in two potential "nightmare" phenomena of differentiable dynam- 
ics: non-hyperbolic singularities and periodic orbits^ To see how hopeless 
standard "analytic" methods may be in the study of the former, even in low di- 
mensions, consider, for example, the case of complete C°° vector fields on 
having the origin O as an isolated fla^ singularity. It is not difficult to see 
that there is a continuum of such vector fields X^, i E M, that are mutually 
topologically non equivalenj^ at O, and whose local topological behaviour at 

^ except if otherwise mentioned, manifolds are always assumed to be 2nd countable, Haus- 
dorff, compact or not, connected and boundaryless. 

^ in relation to the later, the seven cases 7.1 to 7.6 and 10.1 of Theorem 1 (section 6) are 
apriori ruled out (since singularities cannot accumulate on regular points) . 

^ the point O is aflat singularity of X e X°°(M^) if this vector field vanishes together with 
its derivatives of all orders at O, i.e. if it has identically null Taylor expansion at that point. 

^ recall that two complete vector fields X,Y(iX°°{M.^) are topologically equivalent at O 
if there are open neighbourhoods U and V of (9 and a homeomorphism ^ : U — > V, fixing 
O and carrying each maximal segment of X-orbit contained in U onto a maximal segment of 
F-orbit contained in V, preserving time orientation. 
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O cannot (with the eventual exception of some very general dynamical prop- 
erties such as stability) be investigated by standard differential methods [C-^ 
coordinate changes, blow-up desingularizations, etc) . This shows that already 
in M?, there is a continuum of distinct possible topological C°° flow beha- 
viours near an isolated singularity O, that are practically left in the darkness 
by "analytic" methods, and in such cases there seems to be no much alternative 
to what can be learned from the topological-dynamical approach. 

This paper is organized as follows: after the preliminaries of section 2 (giv- 
ing special emphasis to Hausdorff metric concepts), a provisional version of the 
main result (Theorem 1) is presented in section 3. Instead of the twenty eight 
cases of the full statement, only seventeen cases are distinguished. The last 
of these, condition H (occurrence of orbits of infinite height arbitrarily near but 
outside the compact invariant in question^ encompasses 12 distinct cases of the 
full statement, requiring the introduction of certain denumerable collections of 
orbits displaying a kind of "fractal-like" structure with respect to orbital limit 
relations. These collections (X-trees, X-ashells and X-coshells), captur- 
ing essential features of the dynamical complexity of this strange and beautiful 
phenomenon, are fully presented in section 4. Still on section 3, some im- 
portant remarks concerning the meaning and scope of application of Theorem 1 
(particularly in the context of flows on manifolds), as well as some interesting 
consequences for the topological structure of the set of all compact minimal sets 
of the flow, are given. Twelve lemmas, some of them dynamically significant 
on their own, are presented in section 5. Lemma 2 is a version of the above 
mentioned Ura-Kimura-Bhatia Theorem, a proof of it being included for the 
sake of completeness. The main result of this paper. Theorem 1, is fully stated 
in section 6. As a principal corollary, we obtain a simple characterization of 
the topological Hausdorff structure of the set of all compact minimal sets of the 
flow CMin(M) (Theorem 2). The question of existence of flows displaying, 
near a compact invariant set, the types of dynamical behaviour foreseen in The- 
orem 1 is addressed in section 7. Examples are actually constructed showing 
the possibility of independent realization of some of the cases susceptible of 
raising greater doubts, namely those involving the occurrence of orbits of infin- 
ite height. As already mentioned, a positive answer to the question of existence 
of independent realizations for all the twenty eight cases will be given in [[T2ll 
under quite favourable smoothness conditions. Finally a proof of Lemma 7 is 
presented in section 8. This result, crucial for the present work, shows that in a 
certain sense, the "local cardinality" of an open and dense in itself (with respect 
to the Hausdorff metric) nonvoid set of compact minimal sets behaves as that of 
(nonvoid) perfect subsets of M. 



^ see condition VI on p. 3. 
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2. DEFINITIONS AND BASIC RESULTS. 

Let M be a metric space with a flow G :Rx M — ¥ M and K a 
compact, invariant, proper subset of M (we denote "the flow 6 on M" by 
(M, 0)). A minimal set of {M,0) is a nonvoid, closed, invariant subset of 
M that contains no proper subset satisfying these three conditions i.e. an orbit 
closure that contains no smaller one. We reserve the expression periodic orbit 
to orbits ff{x) for which G M : d{t,x) = x] = AZ, for some A > 0. In 
this case, the unique A>0 satisfying that identity is the period of (^(x) (of 
the periodic point x). A minimal set that is neither an equilibrium orbi^nox a 
periodic orbit is called an aperiodic minimal. 

Definitions. Let M, 0, K as above and xeM, X cM. 
^ := the set of neighborhoods of X in M. 



ff{x) ■.= {e{t,x) : /^gM} 
ff+[x) ■.= {d{t,x) : f >0} 
ffiX) := U 



the orbit of x 

the positive (half) orbit of x 
the orbital saturation of X 



ff+{X) := U 



Orb(X) := 



the positive orbital saturation of X 
{x) C X } the set of orbits contained in X 



6 [x) and {X) are the negative concepts corresponding to ff^{x) and 
(^"•"(X). When dealing with a unique flow Q we write x, for Q{t,x). 

(s){x):= ncl^+(x,) the co-limit set of x. 

t>0 



aix] 



ncL 

t<0 



(x,) the a -limit set of x. 



For any orbit 7= (^(x), we define a(7) := a(jc), £0(7) := (a(x) since points 
in the same orbit have the same oc -limit and (O-limit sets. 





-{K) 


:= {xeM: 


^ (0{x) 


CK} 


B 


(K) 


= {xeM: 


^ a{x) 


CK] 




(K) 


.= {xeM: 


^ £t)(x) 


nK ^ G){x) ] 


A- 




= {xeM: 


^ a{x) 


r\K^ a{x)] 



i.e. A^{K) (a [K)) is the set of points of M whose co-limit (oc-limit) set 
intercepts both K and M\K. We say K is: 



^ the orbit of an equilibrium point z i.e a sing leton [z] = {0(f,z) : f eM}. 
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• stable if for any t/ G ^ there is a V G ^ such that ff^iV) C U. 

• negatively stable if for any U G there is a V G ./^^ such that iff^ {V) C U . 

• bistable if it is both stable and negatively stable. 

• bistable in relation to N C M if for any U G ^yVf. there is a V G ^yVj. such 
that ^{N nV) C U i.e. given i7 G any point x E N at a sufficiently 
small distance from K has its orbit entirely contained in U. 



an attmcto) 



10 



if it is stable and B^{K) G 

• a repeller if it negatively stable and 5^ (^) G ./(^ i.e if it is an attractor in 
the time reversal flow <^{t,x) = 6{—t,x). 

• stagnanjp] if there are points x,y E M\K such that Qi ^ a{x) C K and 
^ £0(3;) c i^. 

• isolated from minimal sets if there is a i7 G .yt^ such that [/ \ ^ contains 
no minimal set of (M, 6). We also use the abridged terminology isolated from 
minimals. If K is itself a minimal set then we say that K is an isolated 
minimal (set). 



Definitions. 

C(Z) 
Ci{X) 

e{x) 

CMin(X) 
Eq(X) 



the set of nonvoid, compact subsets of X. 
the set of nonvoid, compact, invariant subsets of X. 
the set of nonvoid, compact, connected, invariant subsets of X. 
the set of compact minimal sets contained in X. 
{{x}:xEM and 0{t,x)=x foraU?G]R} = 
= the set of equilibrium orbits contained in X. 
Per(X) := the set of periodic orbits contained in X. 
Am(X) := the set of compact aperiodic minimal sets contained in X. 



C(M) and its subsets are naturally endowed with the Hausdorff metric d^j. To 
emphasise that this metric is the one in question, we employ the expressions 

dfj—open, dfj— closed, d^—near, d^j— converges [ — >), d^j— isolated, etc. 
[5 A set 21 C C(M) dfj -accumulates in C C(M) if (cl^2t) n^^Q). A 
sequence X^ E C(M) d^^— accumulates in ?B C C(M) if it has a subsequence 
J^— converging to some X G 5B. Working primarily within the Hausdorff met- 
ric, we shall deal essentially with equilibrium orbits rather than with equilibria. 
Note, however, that the set E of equilibria of the flow, endowed with the metric 



If K is an attractor then it is easily seen that {K) is an invariant, open subset of M. 
Idem for B^{K) if K is a repeller 

we shall often use the expression non-stagnant instead of not stagnant. 
'^Metric concepts in (C(M),£/^) are distinguished from the corresponding concepts in 
{M,d) by the subscript h e.g.. B^{X, e) {F e C(M) : d^{X,Y) < e}; analogously, 
closure, boundary and interior are denoted by cl^ , bd^ , int^ . 
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d of M, is isometric to the metric space [Eq(M),J^] via the canonical map 
e — )■ {e}. The following classical result, originally proved in the context of 
convex body theory, is of central importance to the present work: 

Blaschke Theorem: If [N,d] is a compact metric space then so is \C{N) , 6?^] . 

where C{N) is the set of nonvoid, compact subsets of A'^ (see e.g. [|3l,p.253). 
If is a compact metric space and £ is a J^— closed (and thus compact) subset 
of C{N), then the consequent possibility of selecting from a given sequence 
G a subsequence —converging to some A G £, will be referred as 
Blaschke Principle. To avoid double indices, we will often suppose that the 
selected subsequence is {A J itself. Again in the metric space M, if NcM 
is compact then the continuity of the flow implies that Ci(A^) is J^— closed in 
C(A^) and thus compact; a simple argumenrj shows that Cc{N), the set of 
nonvoid, compact, connected subsets of A'^ is also compact, hence &{N) = 
Ci{N) n Cc(A^) is compact. Observe that while Ci(A^), Cc(A^), e{N) and 
Eq(A^) are J^— closed in C(A^) and thus compact, CMin(A^), Per(A^) and 
Am(A^) in general are not. Note that CMin(A^) = Eq(A^) U Per(A^) U Am(A^) C 
6 (A^) C C(A^) ( U denotes disjoint union) . 

Remark. The reader should keep in mind the following basic facts as they will 
often be implicitly used without mention. Suppose N C M is compact. If 
^+{x)cN then (o{x) and c\^+{x) = ^+{x) U (o{x) both belong to &{N) 
and in particular are nonvoid. Analogue fact holds for a{x) and 

c\G^{x) when ff^{x)(ZN. Also 7G0rb(A^) implies cXy = yVJ a{'Y) 
0){x) G &{N). If N is a nonvoid, compact invariant set then it contains at least 
one compact minimal set of the flow. If X is a minimal set and ^ is a closed 
invariant set, then either X C K or X C M\K, since the set of closed invariant 
sets is closed under interceptions. If N C M is invariant then clA^, hdN and 
intN (respectively, topological closure, boundary and interior of A^^) are also 
invariant. 

Definitions. A set € C C(M) is d^j— dense in itself if every Ag£ is not 
d„- isolated in € i.e. if A e cl^ {A}), for all A e €. AG C(M) is a 
c— condensation element of € if for every £ > 

#(5„(A,e) n > c 

" Suppose y,, eCc(A^) and K,, — >X. If X eC{N)\Cc{N) thenX=X^ where X , X^ 
are disjoint, nonvoid compacts. Letting A dist(X^ , )/2, because of its connectedness, 
each has at least one point z„ in the compact S{X^ , X) :— {y E M : dist{y,X^ ) = A } . Taking 
a convergent subsequence z„. — >zE 5(Xp,A) it follows that zelimi^, = X=X^ UX which 
is absurd in virtue of the definition of A (as S{Xg , A ) H = = S{Xq ,X) ^]X^). 
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where c denotes the cardinal of the continuum. A set £ C C(M) is c— dense 
in itself if every A G £ is a c— condensation element of £. 

(note that in this paper, except if otherwise mentioned, the expression c— dense 
in itself always respects to the Hausdorff metric and the same applies to 
t— condensation element). 

Important remark. If M is a locally compact, connected metric space, then M 
is necessarily separable (see e.g. [9], p. 278) and thus has at most a continuum 
of points}^ Therefore there is, at most, a continuum of orbits in the flow 
(M, 9) and also, at most, a continuum of minimal sets (distinct minimal sets are 
disjoint), thus if £ C CMin(M) then the inequality above reduces to 

#(5^(A,e) n C) =c 

Hence for such phase space M, a c-dense in itself set of compact minimal 
sets is either empty or has the cardinal of the continuum. In chapter 5 (Lemma 
6) we shall actually see that a set of compact minimal sets £ C CMin(M) is 
c-dense in itself iff every neighbourhood C M of each A G £ contains a 
continuum of elements of £, showing that in this particularly important case, 
we may actually think in terms of the simpler metric d of M, instead of the 
Hausdorff metric d^^ of C(M). 

Definition. For each £ C 2^ (= the set of subsets of M) and A C M, 

:=\J€= U r (the set of points of M belonging to elements of £). 

ree: 

€.{A) := {X eC: X CA} (the set of elements of £ contained in A). 
Definition, (metric concept on M) Given any two nonvoid sets X,Y C M, 

\y\^ sup{dist();,X) : j G F} G [0,+oo] 
If we naturally identify 5(X,+oo) with M, then 

|F|^ = inf{5G [0,+oo] : YcB{X,d)} 

3. PRESENTATION OF THE MAIN RESULT. 

We now give the reader an approximate idea of the main result of this article 
(Theorem 1) which is fully stated and proved in section 6. Roughly speaking. 

Let N C M be a countable dense subset. We can associate with each z€ M a distinct 
sequence x,^ e converging to z- Since the cardinal of the set of all sequences of points of 
is at most #(N'^) = #K = c, it follows that #M < c i.e. M has, at most, a continuum of 
points. 
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it shows that if ^ is a compact, invariant, proper subset of a C" flow on a loc- 
ally compact, connected metric space M, then at least one, out of twenty eight 
relevant dynamical phenomena, will necessarily occur near K. The reader is 
warned that the result presented bellow is weaker than Theorem 1 . However, 
this is the best that can be done without the introduction of certain special de- 
numerable collections of orbits (called X-trees, X- a shells and X-(0 shells) that 
will be presented in the next section. In order to simplify the exposition, we 
shall distribute the 28 cases among seventeen conditions. The 16 cases corres- 
ponding to conditions A to G.4 will be presented in a near definitive form. 
The remaining 12 cases, corresponding to condition H, require the introduction 
of the aforementioned collections of orbits and are postponed until section 6. 
Notwithstanding, we shall give bellow an idea of the kind of dynamical phe- 
nomenon that is necessarily encountered if conditions A to G.4 fail. Here we 
will put emphasis on a "geometric flavoured" and rather descriptive enunciation, 
in detriment of concision and elegance. Whenever it is possible, Hausdorff 
metric properties are reformulated in terms of the simpler and more intuitive 
metric d of M (using lemma 6 of section 5). This actually results in a longer 
statement than that of the stronger version of section 6. There, using appropri- 
ate Hausdorff metric terminology, a quite sharp, but perhaps at a first sight less 
illuminating, presentation is achieved. 




Fig. 3: Examples of isolated from minimals and stagnant compact invariant sets on 
S^. (Left) fake saddle equilibrium orbit. (Right) periodic orbit attracting on 
one side and repelling on the other (periodic orbit of saddle-node type). 

Let M be a locally compact, connected metric space with a C° flow 6. 
Consider the following three propositions where the variable X assumes values 
in the set Ci(M) of nonvoid, compact, invariant subsets of M: 

\.X X is an attractor 

2. x X is a repeller 

3. x X is isolated from minimals and stagnant 
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Observe that, due to the connectedness of M, each compact, invariant, proper 
subset of M may satisfy, at most, one of the above conditions: as M is 
connected, if X G Ci(M) \ {M} is an attractor then B^{X)\X since X 
is a closed proper subset of M and B^{X) is an open neighbourhood of X. 
Therefore there are actually points xEM\X such that 0}{x)cX. An analogue 
argument shows that if X is a repeller then there are points y ^ M\X such 
that a{y) C X. Thus an attractor X can neither be a repeller nor stagnant 
since both these conditions contradict the stability of X. Analogue fact holds 
if X is a repeller. Isolated from minimals and stagnant compact, invariant sets 
play an important role in the present work. In Differentiable Dynamics, typical, 
dynamically distinct examples are given by saddle, fake saddle and saddle-node 
equilibrium orbits and by hyperbolic saddle periodic orbits]^ 

Weak (provisional) version of Theorem 1: 

Let M be a locally compact, connected metric space with a flow and 
K a compact, invariant, proper subset of M. Then: 

either 

A. K is an attractor 
or 

B. K is a repeller 
or 

C. K is isolated from minimals and stagnant 




Fig. 4: 



Another instructive example is given by the orbit of the equilibrium (0, ... ,0, 1) £ S" C 
in the compactification of the flow on §" \ {(0, . . . ,0, 1)} induced, via the inverse ste- 
reographic projection, by the constant vector field on W (see fig. 3, centre, for the case 

n = 2). A more subtle example is given by the exceptional minimal set on the celebrated Denjoy 
C' flow on T2. 
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or at least one of the following nine conditions holds: 
D.i 1 <j < 3 

there is a sequence of equilibria e^ & M\K, converging to an equilibrium 
q &bdK and such that condition i.X is satisfied by all equilibrium orbits 

{ej. 




Fig. 5: 

Ed l<i<3 

there is a sequence of periodic orbits (Z M\K, d^j-converging to some 
nonvoid, compact, connected, invariant set Q (ZhdK and such that condition 
i.X is satisfied by all y^. 




Fig. 6: 
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Fig. 7: this three examples show sequences of 2-tori carrying irrational linear sub- 
flows. 

FA 1 <j < 3 

there is a sequence of compact aperiodic minimal sets r^<zM\K, d^j-converging 
to some nonvoid, compact, connected, invariant set Q (ZhdK and such that 
condition i.X is satisfied by all F. 




Fig. 8: figure G.3 shows nested continua of compact aperiodic minimal sets (nested 
2-tori carrying irrational linear subflows). 



or 

G. there is an open neighbourhood U of K such that any neighbourhood of a 
compact minimal set A <zU\K contains a continuum of compact minimal sets. 
Moreover, any V e actually contains a continuum of compact minimal sets 
disjoint from K, since in addition, at least one of the following four conditions 
holds: 
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G.4 




W period 



Fig. 9: 

G.l any neighbourhood of an equilibrium z&U\K contains a continuum 
of equilibria e & U\K, and there is a sequence of these converging to some 
equilibrium q &hdK. 

G.l any neighbourhood of a periodic orbit y (Z U\K contains a con- 
tinuum of periodic orbits ^ GU\K, and there is a sequence of these djj- 
converging to some nonvoid, compact, connected, invariant set 2 C bdif. 

G.3 any neighbourhood of a compact aperiodic minimal set F C U\K 
contains a continuum of compact aperiodic minimal sets A gU\K, and there 
is a sequence of these d^-converging to some nonvoid, compact, connected, 
invariant set Q C bd^. 

(hence in cases G.l, G.l and G.3 not only every neighbourhood V of 
K contains, respectively, a continuum of equilibria, a continuum of periodic 

orbits, a continuum of compact aperiodic minimal sets, all disjoint from K, but 
also, if V is sufficiently small, then, roughly speaking, we find on V\K a kind 
of "local super-abundance" of the respective types of compact minimal sets). 

GA there is a set P of periodic orbits contained in U\K and a set A 
of compact aperiodic minimal sets contained in U\K such that the following 
four conditions hold: 

.1 there are sequences J^^P (^nd GA, d^^ -converging, respectively, 
to some nonvoid, compact, connected, invariant sets Q, Q' C bd^. 
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.2 every neighbourhood D of a periodic orbit y E P ( resp. of a 
compact aperiodic minimal set F e A ) contains a continuum of periodic orbits 
(resp. of compact aperiodic minimal sets) and if D is sufficiently small, all of 
them belong to P ( resp. to A ). 

(hence not only every open neighbourhood V of K contains both a continuum 
Piy) of periodic orbits and a continuum A(y) of compact aperiodic minimal 
sets, all disjoint from K, but also, roughly speaking, both PiV) and AiV) 
display a kind of "local super-abundance" of the respective types of compact 
minimal sets). 

.3 K is bistable in relation to P* = [j y and A* = [j F, i.e given 

any neighbourhood W of K, all periodic orbits / compact aperiodic minimal 
sets A E P UA at a sufficiently small distance from K are contained in W. 

.4 given any n>l, all periodic orbits yEP contained in a sufficiently 
small neighbourhood V of K have period > n (note that by . 1 and. 2 there is 
always a continuum of periodic orbits yEP on V\K). 

(hence, arbitrarily near K there is a continuum of periodic orbits disjoint from 
K having periods larger than any prescribed value). 




Fig. 10: for other figures illustrating case H see figs. 13 to 15. 

If none of the sixteen conditions A to G.4 holds, then any neighbourhood of 
K will contain orbits of infinite height (see fig. 10), more precisely, 

H. given any U e there is a sequence of orbits y^(ZU\K such that 
clyDcly^D 2cl7„D 

In condition H we shall distinguish another 12 relevant cases, making up a total 
of 28 = 16+12 cases in all. Observe that the occurrence of the above strict 
inclusion chain is an invulgar dynamical phenomenon. It is in deep contrast to 
what happens, for example, in the case of an aperiodic minimal set A of a flow 
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on a compact metric space (as it is well known, for any x belonging to such 
A, a{x) = co{x) = cl ^{x) = A ) . 

Important remark: the reader should keep in mind the following two elementary 
facts about locally compact metric spaces M: 

• any neighbourhood of a compact set KcM contains a compact ball B[K,5], 
for some 5 > 0. 

• every open / closed subset of M is also locally compact. 

Remark 1. Before entering the proof of Theorem 1, we make a few brief com- 
ments concerning its applicability in the context of Differentiable Dynamics and 

also mention some of its consequences for the topological structure of the set 
CMin(M) of all compact minimal sets of the flow, endowed with the Hausdorff 
metric J^. 

Let M be a (2nd countable, Hausdorff) connected C" (0 < m < oo) man- 
ifold (compact or not) with a C (0 < r < m) flow. Due to its topological 
nature. Theorem 1 (see section 6 for the complete statement) gives information, 
not only about the possible behaviour of the flow near each one of its compact, 
invariant, proper subsets (if there are any), but also, it "illuminates" the beha- 
viour of the flow within each closed, invariant, connected subset A^, provided 
it contains a compact, invariant proper subset (this is always the case if N is, 
in addition, a non-minimal compact set, see also remark 2). Moreover, if M 
is non-compact, then M has an end-points compactification M'^ = M U E{M) 
that, roughly speaking, captures the different possible ways of going to infinite 
on M. As it is well known, besides compact, is connected and metriz- 
able and the flow ^ on M (uniquely) extends to a C° flow 6 on M"^ 
(C on M), withthe end points eeE{M) hecoming equilibria. At each end 
point e e E{M), not only the differentiable, but also the topological manifold 
structure may break [i.e. an end point may not even have a neighbourhood (in 
M"^) homeomorphic to R") . However as the extended flow is still continuous 
at these points, we may apply Theorem 1 to the equilibrium orbit K — {e} 
of each end point e e E{M), therefore obtaining valuable insight about the 
possible behaviour of the original flow near each one of its "points at infinite". 

Theorem 1 has many interesting consequences, some of which can already 
be deduced from its weak version. Bellow we give a selection of some simple 
Corollaries. Part II of the present work will be devoted to the investigation of 
more subtle implications. 

Definition. Let M be a metric space. A set (£ C 2^ has elements arbitrarily 
near X c M if for any e > 0, B{X,e) contains an element of <B [i.e. 
^ e)) ^ 0) . In this case we also say that X has elements of (B arbitrarily 
nearby. More restrictively, 6 has elements arbitrarily near (but) outside X if 
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foranyoO, S e) \X) ^ 0. We also use the expression X has elements 
of (£ outside arbitrarily nearby. 

Observe that the last two concepts are defined using the metric of M and should 
not be confused with dj^—nearness^^ From Theorem 1 we get the following 
immediate consequences: 

Corollary 1. Let M be a locally compact, connected metric space with a 
flow. Then every nonvoid, compact invariant set, isolated from minimals and 
having no orbits of inflnite height arbitrarily nearby is either an attractor or a 
repeller or stagnant. 

Corollary 1'. Let M be a locally compact, connected metric space with a 
flow and K a( nonvoid) compact, invariant subset of M, isolated from minimal 
sets. If K is neither an attractor, nor a repeller, nor stagnant, then orbits of 
inflnite height occur arbitrarily near (but) outside 

Ahead we shall see that if the hypothesis of Corollary 1' hold, then at least 
one out of three remarkable denumerable collections of orbits of inflnite height 
(called K-trees, K-ashells and K-coshells) will occur in the flow. Any 
of these implies the existence of orbits of inflnite height arbitrarily near (but) 
outside the compact invariant K. 

Corollary 2. Let 6 be a flow on a locally compact, connected metric 
space having only aflnite number of compact minimal sets. Then any ( nonvoid) 
compact invariant set that is neither an attractor, nor a repeller, nor stagnant 
has orbits of inflnite height outside arbitrarily nearby. 

Again suppose M is a locally compact, connected metric space with a flow 
0. Let 

21 := {X e CMin(M) : X satisfies one of conditions \.X to 3.X} 

that is, 21 is the set of compact minimal sets of the flow that are either attractors, 
or repellers, or isolated from minimals and stagnant. The next result shows that 
if the compact minimal sets belonging to 21 are not J^— dense in CMin(M), 
then "c— abundance" of minimal sets or orbits of inflnite height will occur in 
the flow. In the above context. 

Corollary 3. Let M be a locally compact, connected metric space with a 
flow 6. If "Ql is not d^j— dense in CMin(M), then there is a nonvoid, c— dense 

however if M is a locally compact metric space with a flow, £ C Ci(M) and 
X G CMin(M), then € has elements arbitrarily near X implies Q; has elements arbitrarily 
dfj—near X (see Lemmas 4 and 5, section 5). 

note that the if M is compact then M is always both an attractor and a repeller of the 
flow, hence K must be a proper subset of M anyway. 
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in itself, d^— open subset of CMin(M) or there are orbits of infinite height 
arbitrarily near every Y e CMm(M) \ cl ^21 7^ 0. 

We prove a stronger "local" result. Corollary 2 then follows letting A = M. 

Corollary 4. Let M be a locally compact, connected metric space with a 
flow 6 and A an open subset of M. If the set 

21(A) = {X e CMin(A) : X satisfies one of conditions l.X to 3.Z} 

is not dj^— dense in CMin(A), then at least one of the following two situations 
occurs: 

a) there is a nonvoid, dense in itself, dj^—open subset of CMin(M) 
contained in CMin(A). 

b) there are orbits of infinite height arbitrarily near every 
FeCMin(A)\cl^2l(A)y^0. 

In particular, if there are only countably many compact minimal sets in A, then 
case b) takes place. 

Proof By hypothesis A C M is open and A := CMin(A) \cl^2l(A) ^ 0, 
hence CMin(A) is a nonvoid, open subset of CMin(M) C C(M) (lemma 
8, section 5). The set 

r := {y e A : there are orbits of infinite height arbitrarily near Y } 

is clearly a J^— closed subset of A. Suppose :— A\T ^Qi i.e. assume there 
are compact minimal sets in A having no orbits of infinite height arbitrarily 
nearby. Then is a nonvoid, J^— open subset of CMin(M). Let K e 
C CMin(A). Then since ^ is a compact minimal set, there is an open 
U E .yVj^ with compact closure contained in A and such that U contains no 7 G 
21(A) (this follows from lemma 4 (section 5), as Ke CMin(A) \ cl ^2t(A) ) , and 
also contains no orbit of infinite height (observe that these two facts together 
also imply that any A e CMin(C/) belongs to 0). Hence none of the 13 
conditions A to F.3 and H of the provisional version of Theorem 1 holds, 
thus by the same result, at least one of the 4 conditions G.l to G.4 must 
take place. But any of these implies the existence of a continuum of compact 
minimal sets contained in every B{K, 5), 5 >0 and thus, by lemma 6 (section 
5), of a continuum of compact minimal sets in every Bjj{K, e), e > 0, and 
for £ small enough these are contained in U and thus must belong to 0. 
Therefore is c— dense in itself ■ 

Obviously, every X G 2l(M) is -isolated in CMin(M) (and thus {X} is 
J^— open in CMin(M)), hence in the above context. 
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Corollary 5. If is a C° flow on a locally compact, connected metric space 
M with only countably many compact minimal sets and displaying no orbits of 
inflnite height, then the set 2t(M) is d^^— open dense in CMin(M). 

Remark 2. Suppose N is a locally compact, connected metric space endowed 
with a C*^ flow ^ and M a connected, closed invariant subset of N, containing 
a compact invariant proper subset K. Then Theorem 1 applies to the subflow 
(M, 0) where 6 := ^\rxM, M endowed with the metric of A^. In this 
situation all definitions must be interpreted "within" (M, 9) i.e. as concerning 
this subflow (for example a nonvoid, compact invariant set A C M may be 
an attractor in (M, 9) without being one in (A^, 0)) . The next result shows 
that if addition the phase space N is locally connected and is separated by the 
compact invariant set 7, then a finner understanding of the flow behaviour near 
J is possible. 

Corollary 6. Let N be a locally compact, connected and locally connected 
metric space with a flow and J a compact, invariant proper subset of 
N. Let D be a connected component of N\J. Then Theorem 1 applies to 
M:=c\D, 0:=(^)|mxM, K:=MnJ. 

Roughly speaking, this result means that within the closure of each connected 
component D of N\J, at least one of the 28 phenomena described in Theorem 
1 (see section 6 for the full statement) takes place near the compact invariant 
(clD) n J (it being possible that within distinct components, different condi- 
tions hold). 

Proof. Consider the collection of all connected components of N\J. Since 
is locally connected and N\J is open, every D E0 is open in A^, hence it 
cannot be closed as A'^ is connected. On the other hand, every D G is closed 
in A^\7, hence 7^ bdD = (clD) \ D C 7. The invariance of each D e0 
now follows from that of A^ \ 7: the orbit of a point z E D cannot pass from 
D to a different D' E0 without intercepting bd 7 C 7, and this is impossible 
since N\J D D is invariant. Therefore M:=clD is a nonvoid, connected, 
closed (and hence locally compact) invariant subset of A'^ and ^ = (clD) fl 7 
is a nonvoid, compact, invariant proper subset of M. Define the (sub)flow 
d'=^\RxM- Now endowed with the metric of A^, M is a compact, connected 
metric space with a flow 9 and ^ is a compact, invariant (under 9) 
proper subset of M. Theorem 1 can thus be applied to these M, 9 and K. ■ 

Example. Let be a C {r>0) flow on N — E>" and K C N an invariant, 
codimension one, compact, connected submanifold. As it is well known. 



by the generalized Jordan-Brouwer Separation Theorem)^ K separates the 



J. W. Alexander, "A proof and extension of the Jordan-Brouwer separation theorem". Trans. 
A.M.S. 23, 333-349 (1922). Alexander's term "immersed" means -embedded. Recall that 
this work is prior to Whitney's foundational papers on the theory of manifolds. 
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flow into three invariant regions, K, B and A, the last two being the connected 
components of N\K, with common boundary K. Besides applying to A^, (j), 
K, Theorem 1 also applies to M = A U ^, = 0|rxM. K and to M = BUK, 
Q = ^IrxMj K. Moreover, if K is not a minimal set, then it also applies to the 
(compact, connected, metric) phase space K, giving, in this case, information 
about the possible behaviour of the codimension one subflow 9 = ^\]s.xK near 
any compact, invariant, proper subset of K (there is at least one). This is always 
the case if, for example, ^ is the image of a embedding §2m^g2m+i^ 
n = 2m + l (since such K must contain an equilibrium, even if is only ) . 

4. SPECIAL ORBITAL STRUCTURES. 

We will introduce three kinds of "orbital structures", X-trees, X-a shells and 
X-co shells. The reason for considering these denumerable collections of orbits 
lies in the fact that they capture essential features of the "dynamical complexity" 
of those flows on which they occur. In particular, their presence implies that 
arbitrarily near X there are orbits having limit sets of an outstanding kind. 

Throughout this section, X is a compact, invariant, proper subset of a 
flow on a locally compact metric space M. 



Fig. 11: (Left) a X-ashell with X an equilibrium orbit. Time reversing the flow 
X-ashell is obtained. (Right) a X-tree with X a periodic orbit. 

4.1 X-trees. 




Let F := {0, 1} and E^ := {0}. Define 



E„ := {0} X F«, n > 1 



<f:=|jE, 



n 



E := 



{0} X F 



n>0 
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(<f and are, respectively, the set of finite and tlie set of infinite sequences 
of O's and I's with first (left) digit O) . Since no risk of ambiguity arises, com- 
mas and brackets are omitted in the representation of both finite and infinite 

sequences of O's and I's e.g. we write 01 and 00... instead of 

(0,1) and (0,0, ...,0, ). If a,b E S', ab represents, as usual, the 

element of (§' obtained by adjoining b to the right side of a. For each 

V G (v = Ocj...c,, , c„G {0,1} foralln>l), define Vq := and 

v^:=0...c,, foralln>l. 

Definition. If 7, ^ G Orb(M), we denote ^ c «(/), C ^^(y) and ^ c 
a{Y) U co{y) by7>^^, 7>^C and y y l^, respectively. Note that all 
these three relations are transitive and 7 >- ^ and ^ >~ ^ implies y y t,, 
for cG {0,1}. 

Let U he a compact neighbourhood of X. A X-tree is a pair (0, V^) where 
is a collection of orbits contained in U\X and i// is a surjective map 

— > 0cOrb(C/\X) 
a ^ 7, 

such that for any b E 

% ^ %o and Yto ^ 7, 

(1) 

7, >^ 7m and y,, ^ 7, 



and for every v G E , 

I'^l7j,^0 (2) 

7) is called the first orbit of the X-tree (see fig.l 1). Observe that (1) implies 
(because of the transitivity of relation y) that for every v G E^, the sequence 
(7 ) is injective i.e. the 7, 's are distinct and therefore is denumerable 
(since <f is). X-trees have significant dynamical properties, some of which 
we single out: 
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i) every z G 7G belongs to A {X) fl A+(X) 

For each v G E^ (v = Oc, ■ • • c„ , c„ G {0,1 } for all n > 1), 

ii) 

7 ^ 7 ^ 7^ ^ ^7^ ^7 ^ ■ ■ ■ (3) 

"0 "1 "2 'n 



recall that A+ {X) is the set of points of M whose co-limit set intercepts both X and 
M\X. A^{X) is the corresponding negative concept. 
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and 

q>p =^ x^i- 7v^ (4) 

thus 

cl 7, 2 cl y for all n >0 (5) 

'« «+i 

iii) 

clrv„^A:=(^ncl7,^je6(Z) (6) 

Proo/ i) if z e 7, e 0, Z> then 7, >^ 7,^ , 7^ >i 7,^ where 7,„,7,j G C 
Orb(i7 hence both the a-limit and (O-limit sets of z have points outside 
X. On the other hand letting := {0}" G F" and := {1}« g F" it follows 

immediately from (1) that 7^ >- 7,^ and 7^ >^ 7^, for all n>l; also (2) 
implies that both [7^^ |^ and [t,, |^ tend to zero when n — > +°°, thus both 
the a-limit and (O-Umit sets of z intercept X, since these two sets are closed. 

ii) (3) is trivial; (4) and (5) follow from (1) because of the transitivity of >-. 

iii) clr G ©([/) and civ C civ for all n > 0, therefore by Lemma 1 1 

'^n ^ ' n+1 1 

(sections), clT,^ -^A^e&(U) since &{U) is compact (recall that U G^ 
is compact); on the other hand |cl7, |^ — > hence C X and finally 
AG6(Z). 

Observe that if (0, V^) is a X-tree, then given any a^S, letting 

T =\y^; d = a or d = ab, be¥", n>l} 
and defining the surjective map 

0:<f Y 

^ Co := X = via) 

Ob ^ Co, - = ¥{cib) for each b G U F« 

n>l 

we get a X-tree with first orbit 7^, whose orbits are contained in 0. We call 
(r, 0) a sub X-tree of (0, ^) and commit a safe abuse of expression saying 
that (r, is contained in (0, i/a). Note that < \c\Q^ = |Co|^ = {YuI^ 

for all d E S, since C Co U Cu(Co) ^ 'y(Co) = Co- Therefore, in virtue 
of (2), given a X-tree (0, y/) and an e > 0, there is always a sub X-tree of 
(0,1//) with all its orbits contained in fi(JC, e) \Z. 

4.2 X- a shells and X-co shells. 

We define X-co shells. X-a shells are the time symmetric concept i.e. a 
sequence of orbits (7„)„>i is a X-ashell if it is a X-ashell in the time 
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reversal flow ^{t,x) = G{—t,x). Let U he a compact neighbourhood of X. 
A X-co shell is a sequence of orbits Y^cU\X satisfying the following three 
conditions: 

• % CB^{X) for every n>l 

• r„+i and 7„^; ^ 7„, foraU n>l 

that 7 CA"'"(X) for every n> 1 and hence 

7 C 5" (X) n A+ (X) for every n>l (7) 

Also, the sequence (7,) is necessarily injective /.e. the y^'s are distinct (see 
fig.l 1). Again, as in the case of X-trees, it is easily seen that: 

ri >^ 72 >^ >^ r„^ r„+,^ ■■■ 

q>p ^ y,i- ip 

cl y„ 2 cl 7+1 for all n>\ 
clr„^A:= (^ri'^l^.j e6(X) 

X-a shells have exactly the same properties, interchanging a with co, + 
with — and changing >^ to >^ everywhere. Obviously, if (7„)„>, is a 
X-coshell then any subsequence (t,.).^^ is also a X-coshell and we call 

it a sub X-a shell of (7j„>i. Therefore, since |cl7„|^ — 0, given any 
£ > 0, a X-co shell always has a sub X-coshell with all its orbits contained in 
B{X, e) \X. Analogue fact holds for X-a shells. 

5. LEMMAS. 

The following result gives an unusual characterisation of attractors in terms 
of the behaviour of the negative orbits of points outside the compact invariant 
in question. It illustrates a topological-dynamical phenomenon that plays a key 
role in the present work. 

Lemma 1. Let M be a locally compact metric space with a flow 6 and 
K a compact, invariant, proper subset of M. Then K is an attractor iff there 
is a neighbourhood U of K such that no point z & U\K has its negative 

^"clearly Y„ 7„, for every I < n < m, thus co{Y„)r\X^<d since |cl7„|^ — ^0 and 
co{y„) is closed. On the other hand, co{yJ ^ X because Yn+i ^ '^(yJ ™d 7n+i'^-'^\^- 
Hence Y, C 



These impl> 



20 



25 



orbit G (z) entirely contained in U. Analogously, K is a repeller ijf there is 
a U eJ/'f^ such that zeU\K =^ ^+(z) ^ U. 

We need only to prove the characterisation of attractors in Lemma 1 since a 
compact, invariant set is a repeller iff it is an attractor in the time reversal flow. 




Fig. 12: (Left) Lemma 1, the non-stability of K implies the existence of a negative 
orbit trapped in U\K, for every U (Right) Lemma 3. 



Let M, , ^ be as in Lemma 1 . The following elementary result (and the 
analogue fact for repellers) will be used: 

Claim: in the context of lemma 1, if K is an attractor and z G B^{K) \ K then 
a{z)(lbdB+{K)(iM\B^{K)^ 

Proof of Lemma 1. ( =^ ) Suppose K is an attractor. Let U he a compact 
neighbourhood of K contained in the open set B^{K) e ./f^. Clearly U 
and the compact hd B+{K) are disjoint, hence, z e U \K C B+{K)\K =^ 
&^{z) <t U since ff^{z) C U =^ (d ^ a{z) CU C B+{K), which contradicts 
a (z) C hdB+ {K)cM\ B+ (K) . 

(^) Suppose t/ e ^ is such that zeU\K ^ G^{z)(/lU. Without 
loss of generality we may assume U is compact 

Claim L K is stable: Suppose the contrary. Then there is a VJ, C .yV^^ such that 
every neighbourhood of K contains a point x for which ff^{x) ^ Vq (observe 

^' Suppose z€B+(A')\/r. It is easily seen that B^{K) is an open, invariant set hence 
a(z) Ccli^(z) CclB+(/:) UbdB+(/i:). Necessarily, a(z) n = 0: otherwise 

there is a y e a(z) n implying both 7^ ©(y) C and (S){y) d a{z) {(S)(y) Q. 

cl^(y) Co:(z), as a(z) is closed invariant), which by their turn imply that a(z)n^r7^0, and 
this contradicts the stability of K, since zeM\K. Therefore a{z) C bdB+(^r) cM\B+{K). 
Note however that we may have a{z) =0. A time-symmetric argument proves the analogue 
fact for repellers. 

if U is not compact, take a compact V G contained in U (this is always possible 
since K is compact and M is locally compact). Clearly zEV\K =^ ^^{z)<^V. Let 

U :=y. 
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that xeM\K since K is invariant). Let V be a compact neighbourhood of 
K such that V CU n Vq. Since M\K is invariant, the above remark impUes 
that there are sequences eV\K and e R"*" such that: 

a) dist{x„,K) — >0 

b) y„:=0(?„,xJebdV 

c) d{[0,t„[x{xj) gV\K which is equivalent to 0([-r„,O [xIjJ) cV\is: 

Since bdV is compact, replacing by a convergent subsequence we may 

suppose y^^ — > p for some p EhdV CU\K C M\K. We claim that (p) C 
V cU. Assuming the contrary i.e. &^{p) ^ V , there is a T <0 such that 
X := dist(pj,, V) > 0. By the continuity of the flow, there is a d > such that 

zeB{p,5) =^ z,e5(p„A/2) 

hence for some > 1 , 

n>n, ^y„eB{p,5) =^ d{T,yJ e B{p„ X/2) G M\V 

But necessarily — > +oo since dist(x„,^) — >0 and y^EhdV (observe 
that if is a bounded subsequence of then : / > 1} C := 

0(J—t,0] X bdV) where t := sup{t^, : / > l}, being a compact disjoint 
from the compact invariant K, hence dist(jc„., ^) -7^ 0, a contradiction). 
Thus for some > n^, 

n>n, =^ {-t„<T<0 and OiT^yJ^V) 

in contradiction with c). Hence p eU\K and ^^{p) dV (ZU in contradic- 
tion with the initial hypothesis. Therefore K is stable. 

Claim II. B'^{K) is a neighbourhood of K: Recall that by hypothesis U is 
a compact neighbourhood of K. Since K is stable, there is a V e ^ such 

that C U, which implies / ft)(x) C C/ for every xeU. We claim 

that VcB^{K). By reductio ad absurdum, suppose there are x e V and 
y eM\K such that j G (o(jc). Clearly 

cl = U (0{x) GcW = U 

hence y eU\K. But by hypothesis, 1^ (_y) ^ ?7 which by its turn implies 
(o{x)(^U, since ^(y) C Ct)(x) (as (o{x) is an invariant set). We have reached 
contradiction. The proof of Lemma 1 is complete. ■ 

The following result is essentially a version of the Ura-Kimura-Bhatia Theorem 
for locally compact, connected metric spaces (see e.g. [1], p. 1 14). Our proof is 
given within the spirit of the present work. 



27 



Lemma 2. Let M be a locally compact, connected metric space with a C 
flow and K a compact, invariant, proper subset of M. Then: 

either I. K is an attractor 

or II. K is a repeller. 

or at least one of the following two situations occurs: 

III. K is isolated from minimals and stagnant. 

IV. given any neighbourhood U of K, U\K contains an (entire) 
orbit. 

Proof. If K is an attractor then it is easily seen that none of conditions II, 
III and IV holds: clearly B+{K)\K since M is connected, B+{K) is 
an open neighbourhood of K and ^ is a closed, proper subset of M. Hence 
there is necessarily a x e M\K such that & ^ Q){x) C K and thus K cannot 
be negatively stable, therefore II does not hold; HI implies the existence of a 
y EM\K such that (d ^ a{y) C K which contradicts the stability of K; IV 
contradicts the existence of neighbourhood U in Lemma 1 . Analogously if K 
is a repeller then none of conditions I, III and IV holds. Suppose K is neither 
an attractor nor a repeller. If IE does not hold, then 

a) K is non- stagnant 
or 

b) for every W e Min(W \K)^(d 

If b) holds then condition IV is clearly satisfied. Suppose a) holds. Since K 
is neither an attractor nor a repeller, by lemma 1, given any compact V G y^^, 
there are x,yeV\K such that ff^{x)cV and ff+{y)cV (which implies 
Q) ^ a{x) C V and Ql^ (0{y) C V ) . Since K is non-stagnant we cannot have 
both a{x) C K and (o{y) C K. If a{x) gl K then there is a z e a{x) r\{y\K) 
and 

ff{z) c a{x) c V 

As M\K is invariant and zEM\K, ^(z) CV\K. Since every neighbourhood 
of K contains a compact V e =^4^, condition IV necessarily holds. If 
G){y) 1^ K a time-symmetric argument conducts to the same conclusion. ■ 

The next result is, in a certain sense, a counterpart to the Butler-Mcgehee Lemma 
(Butler and Waltman [3], p.259). 

Lemma 3. Let M be a locally compact metric space with a flow G and 
X a nonvoid, compact, invariant proper subset of M. If X is non-stagnant and 
zeA+(Z) {resp. zeA-{X)) then given any U e there is a y & Cd{z) 
(resp. y e a{z) ) such that &{y) C U \X. 
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Proof. The result will be proved in the case z G A+(X), a time symmetric 
argument disposes of case z G A^{X). Assume the hypothesis of Lemma 3 
hold. Given any i7 e let < A < min(l, |co(z)|^) be such that V := 
B[X,X] (ZU h compact. We will first show that there are p,q G G){z) with 
^^{p) and ^^{q) both nonvoid and contained in V\X. Since CO{z)r\X^ 
% and G){z) (/lV it is easily seen that there are sequences G IR+ such 

that: 

1) ?„<r <?„^, for all n>\ 

2) ?„^+- 

3) dist(z,^^,i^) ^0 

4) a ■=Zj Gbdy 

5) 0([?„,7:]x{z}) cy which is equivalent to ([-(r -?„),0] x {a„}) C V 

Let (a„.) be a subsequence of (a,J converging to some point jc of the compact 
bdy. Note that a G ft)(z) since 7;,. — ^ +oo. We claim that G^{p)(lV\X\ 
<ZM\X since p belongs to the invariant set M\X. To prove ^^(p)cy 
observe that together, X is a compact invariant set, G bd y C M\X, bdy 

is compact, z,^ = 0( — {T^, —?„.), a„.) and dist(z,^^ ,X) — > imply, by an 
argument identical to the one given in the proof of the Lemma 1, that we must 
have — (T^,,. — — )■ — Now together, 

0([-K.-^«,)'O]xK,})c^' 

«„, and - (t;,. - ^ -oo 

imply in virtue of the continuity of the flow (again as in Lemma 1), that 
ff^{p)c V and therefore cl ^^{p) = ^~{p) U a{p) CV. A similar argu- 
men^^(see fig. 12) shows the existence of a g G CO{z) suchthat ^+(^)cy\X, 
which by its turn implies cl^+(^) = ^+(<?) U Co{q) C V. Note that both 
Oc{p) 7^ and 0}{q) 7^ 0, as V is a nonvoid compact. Now since X is 
non-stagnant and p, q E M\X, we cannot have both 7^ Oc{p) C X and 
Q) ^ (o{q) CX, therefore as M\X is invariant, there is necessarily a y E a{p) 
such that ff{y) C y \X or there is a j G (o{q) such that ff{y) C V \X. In both 
cases ff{y) C (o{z) since p,qE(o{z) and ft)(z) is closed and invariant. As 
y \ X C i7 \X the proof is complete. ■ 

observe that there are sequences f„,7^, eM+ satisfying conditions 1) to 4) above plus 

5') 0{[T„,t„J X {z})cV which is equivalent to 0([O, (f - Tj] x {«„}) c V 
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Definition. Let M be a metric space with a flow. A sequence C M 
approaches X C M if for every e > 0, C B{X, e) for all sufficiently large 
n i.e. if |A„ | — y 0. 

In the next proof we use the following elementary result: 

"In a metric space a sequence converges to a point z if every subsequence 
contains a (sub)subsequence converging to z". 

Lemma 4. Let M be a locally compact metric space with a flow. If a 
sequence G Ci(A/) approaches a compact minimal set S then (A^) actually 
dfj— converges to S i.e. 

A L — ^ ^ A„^S 

Proof. Let U be a compact neighbourhood of K. Since |a J^ — > 0, given 
any subsequence (Aj ), there is a > 1 such that A^,cU for all ?'>/y. Now 
[Ci{U), dfj] is a compact metric space by Blaschke Theorem (see section 2), 
hence by fi/a^rMe Prmczjo/e there is a (sub)subsequence (A,,. ) J^— converging 

to some nonvoid, compact, invariant set Q C U. But |A^,. |^ — > implies 

Q C S and since 5 is a minimal set, Q = S. Hence the above convergence 
criterion is satisfied. ■ 



Therefore, X G CMin(M) is an isolated minimal sei^^ iff X is d^^— isolated 
in CMin(M) (lemma 4 estabhshes (<^=); {=^) follows from the definition 
of the Hausdorff metric). 

Lemma 5. Let M be a locally compact metric space with a C'' flow. If 
Q G CMin(M) then for each £ > there is a 5 > such that 

Ci{B{Q, 5)) CB^{Q,£). 

Proof. Suppose the contrary. Then there is an e > and sequences A,, > 
and A„ G Ci(5(2, AJ) such that A„ — )■ and <i^(A„, 2) > e. But this 
contradicts Lemma 4 since A„ G Ci(M), 2 G CMin(M) and \A^\q — ^ 0. ■ 

The above useful relation between the metric d of M and the Hausdorff metric 
dfj of C(M) wiU be repeatedly used. Recall that if AcM and 971 C 2^ then 
9Jl(A) is the set of all X G 9Jl contained in A (see section 2). Note lemma 5 
and Hausdorff metric's definition together imply that if SOT C CMin(M), then 
for every X G SOT and £ > 0, there is a 5 > such that 

5) n OJT c 9JT(5(X, 5)) c e) n 93T 



^'^ recall (section 2), thatX e CMin(M) is an isolated minimal (set) if there is a neighbourhood 
U C M of X such that U\X contains no minimal set of the flow. 
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hence there are arbitrarily small J^— neighbourhoods of Z e 9Jt in the form 
Wt{B{X,5)), a most useful fact. 

Lemma 6. Let M be a locally compact metric space with a flow. If 
Wl C CMin(M) and for every X G 971, £ > 0, 

#m{B{X,£)) = c {resp. e) \X) ^ 0) 

then QJt is c— dense in itself (resp. QJt is d^j— dense in itself). 

Hence a set of compact minimal sets 9Jl is c— dense in itself (resp. (i^— dense 
in itself) iff every neighbourhood <ZM of each X e 9Jt contains a con- 
?mMMm of elements of QJt (resp. an element of 9Jt distinct from X). 

Proof of lemma 6. 1) Suppose thatfor every Z e fDT and £ > 0, #5[)T(5(X, A)) = 
c. Let e > and X e 971 be given. Since 9H C CMin(M) c Ci(M), by 
lemma 5, for 5 > sufficiently small, 

9n(5(X, 5)) c Ci(5(X, 5)) c B„(X, e) 

therefore £) n 97?) = c since by hypothesis #97t(5(X, 5)) = c. 

Hence 971 is c— dense in itself. 2) Suppose now that for every X G 971 and 
£>0, m{B{X,e)\X) ^id. Then, given any X E 971, there is a sequence 
A„ G 97t\ {X} C Ci(M) such that |aJ^ — y and since X G CMin(M), by 

lemma 4 it follows that A — >X. As all the A ^s' are distinct from X, X is not 
J^— isolated in 971, hence as X G 971 is arbitrary, 971 is J^— dense in itself. ■ 

Lemma 7. Let M he a locally compact metric space with a flow. If 
AgM is open and CMin(A) is d^— dense in itself then CMin(A) is c— dense 
in itself. If Wl is a d^^— open and dense in itself subset of CMm{M) then 97t 
is c— dense in itself 

The proof of lemma 7 is presented on section 8. 

Lemma 8. Let M be a metric space. If C{M) and A <zM is open, then 
€{A) := {X G £ : X C A} is d„-open in €. 

Proof Let X G (t(A) . Since X is compact and A is open, there is a X > 
such that fi(X,A)cA. On the other hand for any £ > 0, Y eB^{X,e) =^ 
Y C B{X, £). Therefore F G £ nB^{X, s) ^ Y e £(5(X, £)) ^ 7 G 
£(A). ■ 

Lemma 9. Let M be a metric space with a C° flow and a sequence of 
periodic points with (minimal) period X^. If — > x and \ is convergent 
then X is either a periodic point or an equilibrium. 
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Proof. Assume x is neither a periodic point nor an equilibrium. Suppose 
\ — )■ T e [0, +00 [. Let d := dist(x, )/3 > 0. By the continuity of the flow, 
there is a < 5 <d such that 

{zeB{x,5) and t e]T-5j + 5[) ^ d{t,z) eB{x^,d) 

Since x^ — )■ x and A„ — > T, there is a /ig e N such that 

n>n^ =^ { x„ e B{x, 5) C B{x, d) and X„e]T-5,T + 5[) 

and therefore, as x^ is periodic with period A^, it follows that for n > n^^, 
x^ = 0{?i^,xj e B{xj, d) and x^ G B{x, d), which is absurd since d) n 
B{xj., d) — 0. This actually shows that x is either an equilibrium ox x is a 
periodic point with period T /n, for some n eN. ■ 

Lemma 10. Let M be a locally compact metric space with a flow. If Q 
is a compact aperiodic minimal set, then for any m > 1 there is an e >0 such 
that 

ye Per(M) and dist(7, Q) < e =^ period(7) > m 

Proof. Suppose the contrary. Then there is a m > 1 and there are sequences 
7„ e Per(M) and x„ e 7„ such that dist(x„, Q) — > and < period(.«„) = 
period(7„) < m. Since Q has a compact neighbourhood of the form B[Q, 5], 
for some 5 > 0, it is easily seen (taking := B[Q, 5 /n]) that applying 
Lemma ll.b) followed by Bolzano-Weierstrass Theorem, we may select from 
{xj a sub-sequence (x^,) such that — >xeQ and period(x„.) — > 
A e [0,m]. By lemma 9 this impUes x e Q is either a periodic point or an 
equilibrium, which is absurd since Q e Am(M). ■ 

Lemma ll(Nested Compacts Lemma). Let M be a locally compact metric 
space and € a d^-closed subset of C(M). If K^&€ and ^ for all 
n>\ then: 

A) K^X(^^K}je<L, 

B) every sequence x^ & has a subsequence converging to some xE fl 

n>\ 

C) every sequence C where e a d„ -closed subset of C(M), 
has a subsequence dj^ -converging to some X e 03 I Pi ^„ ) • 

Proof. A) By Blaschske Theorem, [ C (^j ) , ] is a compact metric space (see 
section!) and in addition, K^eC{K^) (Z C{M) for all n > 1, hencehy Blaschke 
Principle there is a sub-sequence ) converging to some K e C{K^) f] €. 
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This actually implies the whole sequence (K^^) J^-converges to K, since 

D K^^^ for all n>l. Now f] C K since for each zG f] K„' the 

«>i «>i 
sequence x,, :=zG^„ converges to z, which implies zGlim^„=^. On the 
other hand, is compact for each m > 1 and D ^^^^^ for all > 1 , hence 
since each C{K^) is -closed in C(^j) (by Blaschke Theorem) it follows 
that lim K^^ = K C for each m > 1 , therefore ^ C f] K„ and finally 

K= f]K^. B) Select from G ^„ C a subsequence (jc„,) converging 

n>l ' 

to some X E (this is possible since is compact). Then x^, G 
and — y f] K^,, thus necessarily xG H^,,- C) By Blaschke Principle, 

' ii>l n>l 

G (^^j ) C ?B ) C C(^j ) has a subsequence (A^. ) -converging to some 
X G C{K^) n 5B. But A„. C iS:,, ^ n ^„ implies A„, approaches K = f] 

' ' n>\ ' «>1 

i.e. \A\ — > 0, thus necessarily X C R ^„ and finally X G 53 ( (1 ^„ ) •■ 

Lemma 12(Cantor-Dirichlet Principle). If A = U ^„ '^'^^ ^ infinite 
then = #A for some 1 <n<nQ. 

Proof. Recall that if D = B U C, and D is infinite then 5 or C is infinite 
(otherwise #D < #B + #C < and also that using the Axiom of Choice, 
if B and C are two sets, at least one of which is infinite, then #(5 U C) = 
max{#5,#C}. Therefore by finite induction over I < n < n^ it follows that 
#A = max{#A„ : 1 < n < nj. ■ 

6.1 THE MAIN THEOREM. TOPOLOGICAL STRUCTURE OF CMin(M). 

Again let M be a locally compact, connected metric space with a C*^ flow. 
Consider the following six propositions where the variable X assumes values 
in the set Ci(M) of nonvoid, compact, invariant subsets of M: 

1. x X is an attractor. 

2. x X is a repeller 

3. x X is isolated from minimals and stagnant. 

4. x X is isolated from minimals and there is a X -a shell. 

5. x X is isolated from minimals and there is a X-G) shell. 

6. x X is isolated from minimals and there is a X-tree. 



using the elementary fact that if A,B,C,Y £ C(M), A D B D C, d^{A,Y) < e and 
d^{C, Y)<e then d^{B, Y) < e. 
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Theorem 1. Let M be a locally compact, connected metric space with a C 
flow and K a compact, invariant proper subset of M. Then: 

either 

1. K is an attractor 
or 

2. K is a repeller. 

or at least one of the following four conditions holds: 

3. K is isolated from minimals and stagnant. 

4. K is isolated from minimals and there is a K-a shell. 

5. K is isolated from minimals and there is a K-co shell. 

6. K is isolated from minimals and there is a K-tree. 

or at least one of the following eighteen conditions hold 
7A l<i<6 

there is a sequence {e^} G Eq{M\K), dj^— converging to some {q} G Eq(bd/^) 
and such that condition i.X is satisfied by all equilibrium orbits {e„}. 

8.i 1 < j < 6 

there is a sequence G Per(M\ A'), d^j— converging to some Q G ©(bdA") 
and such that condition i.X is satisfied by all periodic orbits y^. 

9 A l<i<6 

there is a sequence G Ain(M\^), djj— converging to some Q G &{bdK) 
and such that condition i.X is satisfied by all compact aperiodic minimals F^. 

or 

10. there is an open neighbourhood U of K such that CMin([/ \ K) is 
c— dense in itself and at least one of the following four conditions holds: 

10.1 Eq(?7\^) is a dense in itself set, d^— accumulating in Eq(bd^). 

10.2 Per(?7\^) is a c— dense in itself set, d^— accumulating in @(bd^). 

10.3 Am(?7\^) is a c— dense in itself set, djj— accumulating in &{bdK). 

10.4 there are c— dense in itself sets P C Per(?7 \^) and A C Am{U\K), 
djj—openin Per(M) and in Ain(M), respectively, and such that: 

• both P and A djj— accumulate in ©(bd^) 

• K is bistable in relation to P* — (J 7 ^f^d A* — [j F 

■yeP reA 

• for any sequence y^ G P, dist(7^,^) — > implies period (7„) — > +oo. 
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Fig. 14: 



Observe that, Y„ EP and dist(7^,^) — )> together actually imply that |7„ |^ — > 0, 
since P* is bistable in relation to K. On the other hand, by the 1st point of 

10.4 there is a sequence P 3 Y„ — >• Q G ©(bd^). As P is c— dense in itself, 
the 3rd point can thus be replaced by the following condition: 

• given any n>\, all periodic orbits Y & P contained in a sufficiently small 
neighbourhood V of K have period > n, and there is always a continuum of 
these. 

Remark. Due to the fact that, for any given e > 0, a X-tree always has a sub 
X-tree with all its orbits contained in B{X,e)\X, and analogue fact holds for 
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X-ashells and for X-coshells (see section 4), it is immediate to verify that any 
of the twelve conditions 4, 5, 6, 7.4 to 7.6, 8.4 to 8.6 and 9.4 to 9.6 

implies that for every neighbourhood of U of K, there is a sequence of orbits 
Y„ <ZU\K such that 

ci7i Dcir^D 2cir„2 

Thus the claim of condition H in section 3 is justified. 




Fig. 15: examples 9.4 to 9.6 show sequences of 2-tori carrying irrational linear sub- 
flows. 



INTERLUDE: TOPOLOGICAL STRUCTURE OF CMin(Af). 

Theorem 1 brings to light the importance of compact minimal sets to the char- 
acterization of the possible "dynamical landscapes" in the vicinity of a compact 
invariant proper subset of a flow. Obviously there is a close relation between 
the dynamical behaviour of a flow near a compact minimal set X and the topo- 
logical Hausdorff structure of CMin(M) near X. Actually, from Theorem 1 
we easily obtain an elegant characterization of the set CMin(M) of all compact 
minimal sets of the flow, endowed with the Hausdorff metric. 

Let M be a locally compact, connected metric space with a C*^ flow. Con- 
sider the following seven propositions, where the variable X now takes values 
in the set CMin(M) of all compact minimal subsets of the flow: 

1 .X X is an attractor. 

2. x X is a repeller. 

3. x X is an isolated minimal set and stagnant. 

4. x X is an isolated minimal set and there is a X -a shell. 
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5. x X is an isolated minimal set and there is a X-co shell. 

6. x X is an isolated minimal set and there is a X-tree. 

lO.X there is an £ > such that the compact minimal sets contained in 
e) forma c— dense in itself subset of CMin(M). 

or equivalently (by lemma 6, section 5), 

10' .X there is an £ > such that every neighbourhood Uy C M of each 
Y G CMin(5(X, e)) contains a continuum of compact minimal sets. 

If X satisfies lO.X, then as X is itself a compact minimal set, every neigh- 
bourhood of X actually contains a confmwMm of compact minimal sets. 

Important remark: Recall that, the definition of the Hausdorff metric and 
lemma 4 (section 5), together imply that 

"X is an isolated compact minimal set iff it is d^^— isolated in CMin(A/)." 

(by definition (section 2), X is an isolated minimal (set) if for some U G 
U\X contains no minimal set of the flow). 

Definition, denote by Tl., 1 < / < 6 or i = 10 the set of all X e CMin(A/) 
satisfying condition i.X and by i < i < j < 6 the set of all X G 

CMin(M) satisfying (at least) one of condition i.X to j.X. 

Theorem 2. Let M be a locally compact, connected metric space with a C'^ 
flow. Then: 

1) 2)Ti_f, is the set of isolated compact minimal sets and thus a countable, 
dfj—open subset of CMin(M) . 

2) QJljy is a d^j— open and c— dense in itself subset of CMin{M). It is either 
empty or has the cardinal of the continuum. 

3) S[)Tj_g is dfj-dense in CMin(M) 

Proof. In first place, note the following trivial fact that will be implicitly used 
in several instances bellow: if X is a compact minimal set and 7,, is a sequence 
of compact minimal sets —converging to Qe&{X) then Q = X. 

1) Clearly every X G OJlj ^ is an isolated compact minimal set; on the other 
hand, by Theorem 1, any compact minimal set X satisfying none of the six 
conditions I.X to 6.X is no? an isolated compact minimal set 
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hence SOT, 



is the set of isolated compact minimal sets of the flow. By a remark above, 
every X G OJlj g is thus J^— isolated in CMin(M), hence is J^— open 



note that if X e CMin(M) satisfies none of conditions I.X to 6.X, then X is necessarily 
a proper subset of M, as M compact implies M is both an attractor and a repeller in the flow, 
hence Theorem 1 can be applied. 
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in CMin(M). SOTj_g is countable since it is a J^— discrete and separable 
metric space 

2) If XgSOTjo then there is an >0 such that CMin(5(X, e^)) is a t— dense 
in itself, J^— open subset of CMin(M) (lemma 8, section 5). It is immediate 
to verify that CMin(5(X, e^)) c m^^{. if 7 G CMin(5(X, e^)) then Y c 
B{X,e^) and since Y is compact, — |y|^ > 0, thus B{Y,£^ — \Y\^) c 
B{X,e^), hence as B{Y, £^~\Y\^) isopeninM, by lemmaS, CMin(5(y, - 
|y|^)) is a J^— open subset of CMin(5(X, e^)) and hence c— dense in itself. 
Thus y G SfJtjQ and therefore 2Jtjo = |J CMin(5(X, e^)) is a c— dense in 

zYi'e//', J^— open subset of CMin(A/). Since the phase space M is separable, 
there is at most a continuum of compact minimal sets in the flow, therefore SOTj^ 
is either empty or has cardinal c, since it is t— dense in itself. 

3) We claim that OJIjq is the set of compact minimal sets of the flow satisfying 
condition 10 of Theorem 1 (taking K:=X): if X G OJljo then it clearly 
satisfies none of the 24 conditions 1 to 9.6 (since X is not the i^^— limit 
of a sequence of isolated compact minimal sets), hence by the same theorem, 
it must satisfy condition 10. On the other hand, if X satisfies condition 
10, then there is an open U G such that CMin(i7 \ X) is c— dense in 
itself hence taking e > such that B{X, e) C U, it follows (by lemma 8) that 
CMin(5(X, e) \X) is a J^— open subset of CMin(t/\X) and hence c— dense 
in itself. Also by Theorem 1, at least one of the 4 conditions 10.1 to 10.4 is 
satisfied, hence X is the —limit of a sequence of compact minimal sets Y^^E 
CMin(5(X, £)\X). As CMin(5(X, £)\X) is c-dense in itself this implies 
that in every neighbourhood of X there is a continuum of compact minimal 
sets contained in 5(X,e). Hence CMin(5(X, e)) is t— dense in itself thus 
X satisfies condition \0.X. Therefore, by Theorem 1, if X e CMin(M) \5[)Tjo 
then X must satisfy (at least) one of the 24 conditions 1 to 9.6 and this clearly 
implies X G cl^OJtj g since 93t, , 1 < ? < 6 is the set of compact minimal sets 
of the flow satisfying condition 1 < i < 6 of Theorem 1. ■ 

Note, however, that lO.X is indeed a very strong condition, essentially due 
to its djj— openness: ewQw^hQW CMin(M) ^ is nonvoid and c— dense in 
itself it can happen that OJl, is empty, since it is still possible that njlj ^ is 
J^— dense in the whole CMin(M) (simple examples of C°° flows exhibiting 
this phenomenon already occur on §^ and However, the next result 

shows that a nonvoid c— dense in itself set of compact minimal sets always 
occurs, whenever there are uncountably many compact minimal sets in the flow. 
More precisely, if CMin(M) is uncountable, then removing from this set a 
suitable countable (possibly empty) set we obtain a nonvoid t— dense in itself 
set of compact minimal sets. This decomposition theorem is analogous to the 

recall (section 8.2) that C(M) D is c/^— separable. 
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celebrated Cantor-Bendixson Theorem for separable, complete metric spaces 



{Polish spaces). Note, however, that although J^— separable, in general, 
CMin(M) is neither J^— complete nor J^— locally compact. Also observe 
that, since there is at most a continuum of compact minimal sets in the flow 
(see section 2), the above result implies that CMin(M) obeys, in a certain 
sense, to the Continuum Hypothesis: its cardinal is either finite (possibly null), 
denumerable {^^■) ox ihe continuum c = 2^o. 

Theorem 3. Let be a flow on a locally compact, separable metric 
space M, displaying uncountably many compact minimal sets. Then there is a 
countable (possibly empty) set 3 C CMin(M) such that: 

I. D := CMin(A/) \ 3 is a c— dense in itself and d^j— closed subset of 
CMin(M), having the cardinal of the continuum. 

II. 3 is the set of all X G CMin(M) having a neighbourhood containing only 
countably many (possibly one) compact minimal sets, hence D is the largest 
c— dense in itself subset of CMin(M). 

Hence, if CMin(M) is uncountable, then all but a countable number of com- 
pact minimal sets of the flow have a continuum of compact minimal sets on each 
of their neighbourhoods or, equivalently, CMin(M) is the union of a countable 
(possibly empty) set and a c— dense in itself set. 

The proof uses in an essential way a "Cantor's ternary set - like" construction 
that constitutes the core of the proof of lemma 7 (section 8.1). 

Proof. Suppose CMin(M) is uncountable. Let 3 be the set of all X E 
CMin(M) for which there is an e > such that 

BjjiX^ e) contains only countably many (possibly only one) compact minimals. 

(by lemma 5 this is actually equivalent to: there is a 5 > such that there are 
only countably many compact minimal sets contained in 5) C A/) . For 
each X G 3 define 

: = supje > : e) fi CMin(M) is countable } 

Note that < £^ < -\-°° since CMin(M) is, by hypothesis, uncountable and 
CMin(M) = U n) n CMin(M)). Also, observe that for each X G 3, 

n>l 

Bfj{X, e^) n CMin(M) is a countable J^— open subset of CMin(M) and thus 
is contained in 3 (by definition of e^, 5^ (X, £^^(1 — 1/n)) fl CMin(M) is 
countable for each n G N, hence B^j{X, e^) n CMin(M) = U (1 - 

l/n)e^) n CMin(M)) is countable). 
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since C(M) D CMin(M) is, see section 8.2. 
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Claim 1: 3 is countable: assume 3 is infinite (otherwise the claim is proved). 



CMin(M) is -separable (since C(M) D CMin(M) is) hence 3 is 
J^— separable. Let / = {Xj , Xj, . . . . . .} be a denumerable J^— dense 

subset of 3. We claim that 

^=UK(^,.£xJnCMin(M)) 

W>1 

therefore proving the countability of 3. The inclusion D is already established 
by a remark above. To prove C observe that given any Y E 3, there is a 
E I such that E B^j{Y, £j./2). Thus, by the triangle inequality for the 
metric, ey/2) C 5^(7, £y), hence £^/2) n CMin(M) C 

5^(7, Cj,) n CMin(M) is countable. Therefore £^^>ey/2. Hence Ye 
) n CMin(M) since d„{X^^, Y) < e^jl. The claim is proved. Note 
that the identity above also proves that 3 is J^— open in CMin(M). 

Now let D := CMin(M) \ 3. Clearly D is nonvoid since CMin(M) is 
uncountable (by hypothesis) and 3 is countable. Actually, by definition of 
3, given any X G D and e > 0, e) fl CMin(M) is uncountable, hence 

e)n2) is also uncountable and in particular, D is a nonvoid d^^— dense 
in itself subset of CMin(M). 

Claim 2: £> is t— dense in itself: As 2) C CMin(M), in virtue of lemma 6 
(section 5), we need only to prove that given any X E'S) and e > 0, there 
is a continuum of compact minimal sets 7 G D contained in B{X, e) C M. 
Taking e sufficiently small we may assume e] is compact (X is compact 
and M is locally compact). Let A := e), A„ := X and £„ := e/2. 
Now since 2) is df^— dense in itself, we may carry the construction of the 
proof of lemma 7 (section 8.1) within !l)(A) = |Z G S : Z C A} we may 
select each A^, a E^ in ©(A) instead of in CMin(A). As in the proof 
of lemma 7 we get a continuum of J^— Cauchy sequences, J^— converging 
to a continuum of mutually disjoint, nonvoid, compact invariant sets contained 
in A, therefore proving the existence of a continuum of compact minimal sets 
contained in in this open set (as each K E Ci(A) contains at least one compact 
minimal set). Now since 3 is countable, a continuum of these compact minimal 
sets r G CMin(A) actually belongs to D = CMin(M) \ 3. Therefore D is 
t— dense in itself . 2) is J^— closed in CMin(M) since 3 is J^— open in the 
same set. ■ 

It is simple to see that the set E of equilibria satisfies the following stronger 
analogue property to that expressed on Theorem 3: 

" if E is uncountable, then E is the union of a countable set and a perfect 
subset C of M, with the cardinal of the continuum. For each z E (B and 

see section 8.2 
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£ > there is an embedding h of Cantor's ternary set into B{z, e)n (£ with 
z G imh. Hence € C E is a c— dense in itself closed subset of M.' ^ 

The question now arises as whether the corresponding propositions analogue to 
Theorem 3, for the set Per(M) of all periodic orbits and for the set Am(M) of 
all compact aperiodic minimal sets of the flow, also hold 

I. If Per(M) is uncountable then all but a countable number of periodic 
orbits of the flow have a continuum of periodic orbits on each of their neigh- 
bourhoods. 

n. If Am(M) is uncountable then all but a countable number of compact 
aperiodic minimal sets of the flow have a continuum of compact aperiodic min- 
imal sets on each of their neighbourhoods. 

As already mentioned in the introduction, it is, in a certain sensej^ useless to 
look for counterexamples to any of these two propositions within "standard" 
Dynamical Systems Theory: both 1. and II. are provable in ZFC set theory 
under the additional assumption of the Continuum Hypothesis CH. Hence each 
turns out to be either demonstrable in ZFC or independent of this standard 
axiomatic (due to Godel's result, 1938). The proof that CH =^ I A II is 
simple and actually depends only on the fact Per(M) is a separable (Hausdorff) 
metric space: I. and II. are particular cases of the following proposition, which 
is equivalent to the Continuum Hypothesis: 

c—Denseness Hypothesis (cDH): If L is an uncountable separable metric 
space, then a c— dense in itself set is obtained removing from L a suitable 
countable set (possibly empty 




proof is included in section 8.3, for the sake of completeness. 
PROOF OF THEOREM 1. 

Synopsis: Assume neither 1 nor 2 hold. A) If K is isolated from minimal sets 
then it is shown that at least one of conditions 3 to 6 necessarily holds. B) If K 
is not isolated from minimals, then we consider two possible cases: B.l) if for 
every neighbourhood i7 of ^, U\K contains a compact minimal set of (M, 6) 

This follows immediately from the following observation: since the phase space M is 
locally compact and separable it can be endowed with an equivalent boundedly compact metric 
(on which every closed bounded set is compact, see e.g. 0, p. 278), thus becoming a complete, 
separable metric space (Polish space). E is closed in M, hence is also a Polish space in this 
equivalent metric, and this proposition is well known to hold on such spaces (see e.g. [8 1, chap. 



i.e. working within Zermelo-Fraenkel Set Theory and provided this "standard" axiomatic 
is consistent. 

here X cM is c— dense in itself means, as for the d^ metric, that for every x^X and 
e > 0, B{x, g) n X has the cardinal c of the continuum. 




As we could locate no reference for the equivalence CH 



cDH, a short 



VII.2). 
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satisfying (at least) one of the six conditions 1 .X to 6.X, then it is proved that 
at least one of the eighteen cases 7.1 to 9.6 holds; B.2) if the contrary is true, 
then there is a neighbourhood U of K such that CMm{U\K) is a c— dense in 
itself, dfj— open subset of CMin(M), J^— accumulating in &{K) and at least 
one of the four conditions 10.1 to 10.4 necessarily holds. 



Proof of Theorem 1. It easily seen that condition 1 excludes the remaining 



27 conditions and the same holds with condition 2^^ Assume, throughout 
the remaining of this proof that neither 1 nor 2 holds. In this situation we 
distinguish the two possible cases: 

A) K is isolated from minimals i.e. for some U G ^/f^, CMin(i7 \ ^) = 0. 

B) for every V G CMin(y ^ 0. 

We recall an important elementary that will be implicitly used in several in- 
stances bellow: on a locally compact metric space, every sufficiently small 
neighbourhood of a compact set has compact closure, and thus may only con- 
tain compact minimal sets. 

Case A): 

Since K is compact and M is locally compact, we may assume, without loss 
of generality, that U is compact. Then for any zEU, 

ff+{z) cU ^ (0{z) nK^d) ^ zeA+{K)UB+{K) 

ff-iz)cU =^ a{z)nK^Qi =^ zeA-{K)UB-{K) 

since otherwise we would have CMm{U\K) ^(d (clearly ^+(z) C f/ ^ 
cl ^+{z) = ^+{z) U (0{z) C U, thus if (0{z) nK = (I) then co{z) C U\K. But 
Co{z) is a nonvoid, compact, invariant set (since C U is compact, 

hence it must contain a compact minimal set of (M, 0), in contradiction with 
CMin(i7 = 0. If ^"(z) C U, then assuming a{z) CiK = 0) we arrive at 
the same contradiction) . Suppose now that condition 3 does not hold. Since 
K is isolated from minimals it follows that K is non-stagnant, therefore for 
every orbit ff{z)cU\K, 

either 0. z^A-{K) 8+ (K) 
or I. zeB-{K)r]A+{K) 
or II. zeA-{K) nA+{K) 



Actually, if Ti: is an attmctor then B+{K)\K^<d and xeB+{K)\K =^ a(x) C 
hdB+{K) C M\B+{K) (see footnotes 13 and 25). A time-symmetric fact holds if K is 
a repeller. This immediately implies that if 1 (resp. 2) holds , then none of the remaining 27 
conditions can take place. 



42 



Depending on which of these three cases is satisfied, we say G [z) is an orbit 
of type 0, I or 11. More generally, the fact K is non-stagnant implies that 
orbits of type and I cannot coexist in U\K. This implies that exactly one 
of the following three conditions holds: 

i) there is an orbit 0'{x) CU\K such that (cl ^{x)) \^ contains only orbits 
of type 

ii) there is an orbit ^{y) C i7 \^ such that (cl ^{y)) \^ contains only orbits 
of type I 

iii) for every orbit &{z) CU\K, (cl ff{z))\K contains an orbit of type II 

(observe that ff{w) cU\K ^ (cl ff{w)) \KcU\K). We claim that 

a) i) implies there is a ^- a j'/ze// 

b) ii) implies there is a 

c) iii) implies there is a K-tree 

Suppose there is an orbit &'{y) satisfying condition ii). Since (^(j) is of 
type I, by Lemma 3 (recall that K is, by hypothesis, non-stagnant), given any 
neighbourhood V of K, there is a p e Ci){y)\K (Zc\ 0'{y) such that ^{p) C 
V\K. Clearly ^{p) is also of fype I since ^(/>) C cl ^(j). The existence of a 
K-coshell with first orbit ^(y) is now a straightforward inductive consequence 
of Lemma 3. Analogously, if ^{x) is an orbit satisfying condition i) then 
there is a K-ashell with first orbit ^(x). We now prove c). Recall that by 
hypothesis, K satisfies none of conditions 1, 2 and 3, therefore by Lemma 
2, there is necessarily an orbit i^{z)cU\K. By iii), [cl i^{z))\K contains 
an orbit 7„ of type II. We will inductively define a map 

— > Orh{{c\Y^)\K) cOrh{U\K) cOrh{M\K) 
a ^ Ya 

so that : = im 1// is a K-tree. Adopt the following lexicographic order on <f : 

< 00 < OK 000 < 001 < 010 < 01 1 < 0000 < 0001 < 0010 < 

Suppose a G <f is such that for all S' 3 d < a, is an already defined orbit 
of type II contained in {c\Yf^)\K C U \K. We define 7^ : 

Evidently, a = bc for some b E S" and cG {0,1}. By Lemma 2 there is an 
orbit 1^1^^ such that: 



note that K e Ci(M) \ {M}, K is non-stagnant and by hypothesis, Yj, is of type II i.e. 
Y,CA-iK)nA+iK). 
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• o<|C,J^<|rJ^/2 

hence ^ 7^ and C (cl yj \ C (cl yj \ C \ K. By hypothesis 
iii), (cl J \ ^ contains an orbit of fype II and we identify with it. Clearly 

^ Ybc = Ya for every e , c e {0, 1} since y, C cl C^,, and y, >^ C^e- Note 
that inequality \rj^ = lyj^ < ICJ^ < 17^1/2 guarantees 7^^ ^ 7, for every 
b & S, c G {0, 1} and Icl 7, I — )■ for every v G E^. It is now immediate 

to verify that (0, where is the inductively defined set {7, : a G is 
indeed a K-tree. 

We thus conclude that ca^e A) implies that at least one of conditions 3, 4, 5 or 
6 necessarily holds, therefore if conditions 1 to 6 (i.e. 1.^ to 6.^) all fail 
then condition B) holds (recall we assumed, in the beginning of the proof, that 
both 1 and 2 are false). Note that since K is an arbitrary compact, invariant, 
proper subset of M, the above observation is true for all X G Ci(M) \ {M} i.e. 

Lemma 13. If X is a compact, invariant, proper subset of M and all condi- 
tions 1.x to 6.x fail, then arbitrarily near X there is always a compact min- 
imal set of (M, Q) disjoint from X i.e. for any e > 0, CMin(5(Z, e)\Z) 7^0. 

Case B): for every V G CMin(y \K)^id. 

We distinguish the two (sub)cases: 

B.l) for every V G V\K contains a compact minimal set X satisfying 
(at least) one of the six conditions l.X to 6.X. 

B.2) there is an open ?7 G ^ such that no XGCMin(?7\^) satisfies any 
of the six conditions l.X to 6.X. 

Case B.l): 

We will show that in this case at least one of the eighteen cases 7.1 to 9.6 will 
necessarily hold. Take > such that U :=5[A', ej is compact. Let Aj 
be a compact minimal set contained in ?7 \ ^, satisfying at least one of the six 
conditions l.Zto6.X Since K and A, are disjoint compacts, Cj) fl 

Aj = where := dist(A, , K)/2. We may obviously define two sequences 
A„ G CMin(i7 and £„ > such that for every n > 1, 

• satisfies at least one of the six conditions l.X to 6.Z 

• e„+i:=dist(A„,i5:)/2 

Since A„ G CMin(f/) C 6(?7) for all n>l and |A„|^ — > 0, by Lemma 
11, we may select from {A J a subsequence J^— converging to some Q G 
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6 (if) Obviously QchdK, since A„cM\K, thus in fact 2 G 6 (bd if ) . By 
the Cantor-Dirichlet Principle we may select from this subsequence another 
subsequence consisting of compact minimal sets all belonging to the same one 
of the following three classes: equilibrium orbits Eq(M) , periodic orbits Per(M) , 
compact aperiodic minimals Am{M). Finally since each term of {A J satisfies 
at least one of the six conditions 1 .X to 6.X, using the Cantor-Dirichlet Principle 
again, we select from the last obtained subsequence another subsequence such 
that (at least) one of the six conditions \.X to 6.X is satisfied by all its terms, 
therefore obtaining a sequence of compact minimal sets contained in M\K 
satisfying at least one of the eighteen conditions 7.1 to 9.6. 

To complete the proof of Theorem 1 we show that in case B.2) i.e. if 

a) CMm{V\K) ^ for all V G ^ 
and 

b) for some open U G ./f^, no X G CMin(f/ \^) satisfies any of the six 
conditions l.X to 6.X 

then at least one of the four cases 10.1 to 10.4 necessarily holds. 
Case B.2): 

We may obviously assume, without loss of generality, that U has compact 
closure. Observe that: 

- CMm{U\K) is J/^-openin CMin(M) since U\K is open and CMin(M) C 
C(M) (Lemma 8). 

— In virtue of Lemma 13, b) implies that for any X G CMin(t/ \^) and 
£ > 0, CMin(5(X, £)\X) ^ 0, thus by Lemma 5, every X G CMm{U \ 
K) is non J^— isolated in CMin(M) and since CMin(i7\^) is J^-open 
in CMin(M) (lemma 8), it follows that every X G CMm{U \ K) is non 
J^— isolated in Cy\m{U\K) i.e. CMm{U\K) is <i^— dense in itself. By 
Lemma 7, CMin(i7\^) is in fact c— dense in itself. 



— Using Lemma 11 {Nested Compacts Lemma]^_^ we infer from a) that 
CMin{U\K) J^— accumulates in &{K). 

Therefore, in case B.2), there is an open U G ^ with compact closure such 
that 

nA„ e 6(M), A„ c B[K, ej e C(M) and e,,^; < ej2, thus by Lemma ll.c), A„ ^ 
Qee{ n B[K,e„])^6iK). 

36 Let «(, > 1 be such that B[K, 1 /2"o] c U and define /T,, := B[K, 1 /2" ] e C(cl U) for all 
n>n^. Select a sequence A,, e CMm(K^\K), n>n^. Note that D K^^^^ , f] ^„ = ^ 

and all A„, n>nQ belong to the c/„ —compact &{clU), therefore (A„) has a subsequence 
(i„ —converging to some Q E & (^f] K^^^ — &{K). 
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• CMin(i7 \K) is a c— dense in itself, d^—open subset of CMin(M), J^ — 
accumulating in &{K). 

Note that in particular, Fei:{U \K) U Am{U \K) is a c— dense in itself, J^ — 
open subset of CMin(M) since Eq(M) is a J^— closed subset of CMin(M). 
Now the above remark concerning CMin(i7 \K) implies there is a sequence 

ECMm{U\K), J^— accumulating in &{K). By the Cantor-Dirichlet Prin- 
ciple we may suppose this sequence is such that all A„ belong to the same 
one of the following three classes: equilibrium orbits Eq(M), periodic orbits 
Per(A/), compact aperiodic minimals Am(M). 

Suppose now that conditions 10.1, 10.2 and 10.3 all fail. We will show 
that condition 10.4 is necessarily true. The equality CMin(A'^) = Eq(A^) U 
VexiN) U Am(A^), valid for all N C M, will be repeatedly used ( U denotes 
disjoint union) . Three possible cases are distinguished: 

1st case: There is a sequence A„ e Am (i7\^) J^-accumulatingin 

Since Am{U\K) J^— accumulates in &{K) but 10.3 is false, for every 
open V e ^ there are T e Am(y \ K) and £ > such that 

#{Bjj{r,e)nAm{V\K)) < c 

Now since V\K is open and F is closed, B[r,d] CV\K for a sufficiently 
small 5 > 0. Moreover by Lemma 5 (F e CMin(M) and Am(M) c Ci(M)) , 
taking 5 even smaller if necessary, we may further guarantee that 

Am(5(F, 5)) cBj^{r,e)nAm{V\K) 

which implies 

#Am(B(F, 5)) < c 

Therefore it is easily seen that there are sequences 2^ e Am(?7 \ K) and 5„ > 
such that: 

2) B[r„,5„]cU\K 

3) #Am(5(F„, dj) < c 

Again, by Lemma 1 1 (recall that CU\K and cl U is compact) we may 
replace condition 1) above by 

1) for some Q e ©(bdisT) 

Clearly 
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4) 5„<d„{r„,Q) 

since 5„]nQ = Qi (recall that d) ^ Q C K). 

Taking a smaller 5„ if necessary, we may further require that: 

5) Eq(5(J:„5„))=0 g 

6) 7G Per(5(j;,, 5J) ^ period(7) > r 
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CMin(i7\^) is nonvoid and c-dense in itself , thus so is CMin(5(i^, 
since B{r^, 5J CU\K is open and G CMin(M) ; also by 5), 

CMin(5(/:„5„)) =Per(5(J:„5„)) U Am(5(r„,5„)) 

hence in virtue of 3), the Cantor-Dirichlet Principle implies 

7) (X G CMin(r, 5„) and e > ) =^ #Per(5(X, e)) = c 

In particular, := Per(5(i7,, 5,J) is an J^— open, c-dense in itself subset of 
Per(A/) J^— accumulating in i^, (by 7 and Lemma 4 ) . Let P := U Then 

since P J^— accumulates in and i^, — i-QGS^bd^J, it follows that 

• P d Per(M\^) /j' a c-dense in itself, d^—open subset of Per(M), 
dfj— accumulating in ©(bd^). 

Moreover, 

• K is bistable in relation to P* = U 7 • 

P* is a union of periodic orbits and hence invariant. Given any V G yV^ let 
A>0 be such that B{K,X)cV. Since Q C K, d„m,Q) — ^0 and 
5„ < dfj{F^, Q), there is a n,, > 1 such that: 

n>n^^ d„iF„,Q)<X/2 ^ 

B{Q, A/2) c B{K, A/2) and 5„<A/2 ^ 
^ Bm,5„)cB{K,X) =^ 
^ P„ := Per(5(r„, 5J) C Per(5(i^, A)) C Per(y) 

Since K is closed, by 2) there is a 0<5<A/2 such that 

^(^'^)n ( u ^K,5„] I =0 (8) 



the set Eq(M) C C(M) is <i„ -closed and i;, ^ Eq(M), (see Lemma 4). 
By Lemma 10, this condition is necessarily satisfied for 5„ small enough since fj) G 
Am(M). 
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Therefore, 

X e B{K, 5)nP* =^ {xe P* for some n > Wq) =^ ^(^) ^ ^ 

because ^(x) eP^ and cPer(y). The bi-stability of K in relation to P* is 
proved. 

• for any sequence e P, dist(7„,^) — =^ period(7„) — +00 : 

By 2), each ^[1^, 5„] is a compact disjoint from K, hence given any n^ > 
1, there is a 5 > satisfying the identity (8) above, therefore by 6), 

{yeP and ynB{K, d) y^(d) =^ {y^P„ for some n > =^ 

=^ period(7) > n> 

2nd case: There is a sequence A,, G Per(i7 \ K) —accumulating in 6 (bd K) . 

Since by hypothesis condition 10.2 is not true, an argument completely similar 
to that used in the 1st case proves that 

• there is a t—dense in itself set A C Am{M\K), d^j-open in Am(M), 
djj-accumulating in (3(bd^) and such that K is bistable in relation to A*. 

3rd case: There is a sequence A^ e Eq(?7 \ ^) -accumulating in Eq(bd K) . 

Since by hypothesis 10.1 is not true, there are necessarily sequences z„ e 
M and e„ > such that: 

{z„}eEq(C/\if) and dist(z„, i^) ^ and #Eq(5(z„, ej) < c 

By the J^— closeness of Eq(M) in conjunction with Lemma 11, we may sup- 

pose that {z„} — > {z\ for some {z\ e Eq(^). Clearly z G bd^, thus {z\ G 
Eq(bdi^). Now CMin{U\K) is c- dense in itself {z,} e CMm{U \K) for 
all n> 1, CMm{U\K) =Eq{U\K) UVex{U\K) UAm{U\K) and moreover 
#Eq(5(z„,e^)) < c, therefore we infer using Cantor-Dirichlet Principle that 
there is a subsequence such that: 

#Am e)) = c V/ > 1, e > or #Per e)) = c V/ > 1 , e > 

Thus by Lemma 4, 

{z^^]eo\„Am{U\K) V/>1 or {z„J G cl^Per(C/\i^:) V/>1 

and since {z„ } — ^ {z] G Eq(bd^) C ©(bd^), it follows that there is a 
sequence in Am{U\K) djj -accumulating in @(bd^) or there is a sequence 
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in Per{U\K) dfj-accumulating in ©(bd^). Thus, the 3rd case implies the 
1st or the 2nd. On the other hand, as we have seen, the 1st case clearly implies 
the 2nd and vice versa, hence the 1 st and 2nd cases always occur. Therefore 
if conditions 10.1, 10.2 and 10.3 are false then 10.4 is true. The proof of 
Theorem 1 is complete. Q.E.D. 

1. INDEPENDENT REALIZATIONS. EXAMPLES. 



With Theorem 1 established, the question of whether all the 28 cases it de- 
scribes are realizable naturally arises. Furthermore we may doubt whether all 
these cases are mutually independent. Let {M,9) be a C*^ flow on a compact, 
connected metric space and Z one of the twenty eight conditions of Theorem 
1. We say that {M,6) is an independent realization of L if there a com- 
pact, invariant, proper subset K C M such that condition E is satisfied for this 
choice of M, K and 6 but none of the remaining conditions of Theorem 1 
holds, for the same M, K and 6 
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We can give the following answer to the questions raised above: all conditions, 
except the twelve involving X-trees, X-ashells and X-coshells (that is, all 
but the "exceptional" conditions 4, 5, 6, 7.4 to 7.6, 8.4 to 8.6 and 
9.4 to 9.6), admit independent realizations by C°° flows on compact, connected 
manifolds (in fact on §" for some 1 < n < 4). Each of the exceptional 
conditions admits a (C*^) independent realization on which M is a compact, 
connected invariant subset of a C°° flow ^ on M", is ^\m.xM, K C M 
is an equilibrium orbit of and 3 < n < 6. A moment of reflexion shows 
that this implies that in the last sentence we may substitute M" by any (2nd 
countable, Hausdorff) C°° manifold ^ of dimension m > n. We call such an 
independent realization of one of the twelve exceptional conditions of Theorem 
1 a subsmooth independent realization and call the manifold ^ D M carrying 
the C°° flow the ambient manifold of this realization. Whether each of these 
twelve exceptional conditions admits an independent realization by a (r > 
1) flow on a compact, connected C°° manifold requires further exam. In fT2l 
we give an independent realization for each one of the 28 conditions of Theorem 
1, in the line of what was stated above. Here, for the sake of brevity, we will 



confine our attention to the twelve exceptional conditions '^'^ since these present 
greater difficulties than the others and display less known and more interesting 
dynamical phenomena. Actually the main difficulty lies in obtaining subsmooth 
independent realization of conditions 4, 5 and 6 with K an equilibrium orbit, 
a periodic orbit and a compact aperiodic minimal. Once this done, we have 
the essential "dynamical pieces" for the construction of subsmooth independent 



Sometimes we actually identify a specific compact invariant proper subset K, saying that 
(M, 0), K constitutes an independent realization of the condition in question. 
40 i.e. to conditions 4, 5, 6, 7.4 to 7.6, 8.4 to 8.6, 9.4 to 9.6. 
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realizations of the remaining nine exceptional conditions 7.4 - 7.6, 8.4 - 8.6 
and 9.4 - 9.6, which are then easily achieved through well known vector field 
constructions on trivial normal tubular neighbourhoods. 




Fig. 16: The infinite genus smooth surface 5 C M-'. 



We shall first produce examples of subsmooth independent realizations for con- 
dition 6 with K, respectively, an equilibrium orbit, a periodic orbit and a 
compact aperiodic minimal (si with an irrational linear flow)p] 

Example 1. Subsmooth independent realization of condition 6 with M an orbit 
closure of a flow C' on §3 ^ g^^t^^^^ and {(0,0,0, 1)} CM 
an equilibrium orbit. 

Our point of departure is a beautiful example, due to Beniere and Meigniez 
[|2l, of a C°° complete vector field v generating a. flow without minimal sets 
on a non-compact, orientable surface DJl of infinite genus The set of end 



points E{'!M) is homeomorphic to A :={0} U {l/n : n eN} CR and aU 



end points areflat/^^ except the non-isolated one. We shall first construct a 
smoothly {C°°) embedded surface 5 C that is C°° diffeomorphic to 971. 
Operate the following C°° surgery within the ambient manifold M?: to the 
plane M? x {0} C M? smoothly add denumerably many handles as shown 
in fig. 16. From each handle remove one point e^, n eN. We obtain a 
non-closed, smooth 2-submanifold 5 C M^. As DJl, S is an orientable C°° 



Remark. Vector fields on submanifolds M C M" will be always represented in the usual 
abridged form X : M — >W i.e. instead of considering v: M — > TM C TR" = R" x R", 
we work with X = n^ov, where is the projection onto the 2nd factor Where doubts may 
arise concerning what flow is aimed at, we indicate it inside brackets or as a subscript e.g. we 
write Mm{X,9) and fi)g(z) instead of Min(X) and (o{z). When giving examples of flows 
generated by {r > I) vector fields on manifolds M, often the vector field in question is 
indicated as a subscript e.g. we write cOj, (z) for the o-limit set of z on the flow X' generated 
by X e X'^(M). We use these notations freely (with the subscript indicating either the flow or 
the generating vector field) since no risk of ambiguity arises. 

The first example of a C°° flow on a manifold, without minimal sets was, to our knowledge, 
constructed on a surface by Takashi Inaba in 1995 (see ID). This achievement is, in our opinion, 
one of the highlights of exceptional dynamics in the second half of the last century. 

an end e£E{fSl) is ^af if it has a neighbourhood homeomorphic to R^ in the end-points 
compactification 9Jl°' = 971 U £(971) of 971. Richards ifTOl calls such an end point "planar". 
Beniere and Meigniez |2 1 designate by M our surface 971. 
^ the resulting surface is known as the infinite Loch-Ness monster. 
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surface of infinite genus with all ends isolated and flat except one, e^, which 
is both non-isolated and non-flat. This implies that its end points set E{S) 
is also homeomorphic to A (see above), hence there is a homeomorphism 
^ : E{^) — )■ E(S) sending the unique non-flat end of SOT to the unique non- 
flat end of S. By Kerekjarto Theorem (see e.g. [10], p. 262 and [2J, p.26) 



the surfaces DJl and S are homeomorphic/^^ hence, as it is well known, C°° 
diffeomorphic. Let / : DJl — > 5 be a C°° diffeomorphism defining a C°° 
embedding 971 > M-^ D 5 and inducing the C°° complete tangent vector field 
X := f^V on ScM^. As occurs with v, the flow X' has no minimal sets (/ 
realizes a C°° flow conjugation). 

Definition. Let be a flow on a metric space M. A point x G M is 
called a limit point of (M, 0) if x belongs to the a-limit set or to the co-limit 
set of some point of M. In this case the orbit ^{x) is called a limit orbit of 
the flow. We denote the set of //miY/Jomr* of the flow {M,9) by Tq and if the 
flow is given by a vector field u, by T^. 

From the inductively constructed tangentially orientable foliated atlas of 9Jt 
corresponding to the vector field D (given in [2]), it is easily seen that: 

- each limit point x G SOT has nonvoid a-limit and co-limit sets and both the 
positive and negative orbit of x accumulate in the unique non-isolated end of 
SOT and in no other end of this surface. 

Since a homeomorphism between non-compact surfaces uniquely extends to a 
homeomorphism between their respective end-points compactifications, it fol- 
lows that in the flow X^ generated by X G X°°(5), both the cXy -limit and 



COy-limit sets of each limit point of {S,X') are closed, unbounded ° subsets 



of W . Let U he a normal tubular neighbourhood of S in W (indeed a 
trivial 1 -dimensional vector bundle over S). Extend X : = /^u G X°°(5) to a 
non- singular vector field G X°°(i7) defining, 

X^-.U — > 

Z I — > X o k{z) 

where n : U — > S is the canonical C°° submersion (orthogonal projection of 
U over 5)0 Let ;?:= (0,0,0, 1), O := (0,0,0,0), (p:R^ — >^^\{p} the 

we need not to care with non-orientable ends since there are none: both 371 and S are 
orientable. 

both these sets are closed subsets of S that do not accumulate in the isolated ends e,, , « e N 
of this surface and the closure of S in Mr" equals S U {e„ : « e N}. Their unboundeness also 
follows from the fact that a closed, bounded subset of M? is compact and thus if it is a nonvoid, 
invariant subset of the flow X' , then it must contain a minimal set of it. But X' has no minimal 
sets. 

i.e . U ~ U (■^)' where A G C°°(5',M+), S)^, , (x) is the 1 -dimensional affine open 

xes 
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inverse stereographic projection (M? identified with ]R^x{ — 1}). cp induces 
the C°° vector field cp^X^ on the open subset (p{U) of 



p 




-p 



Fig. Yl-.K-tree in the flow (§^ C')- 

By Kaplan Smoothing Theorem (Kaplan [7J, p. 157), there is a scalar function 
A eC°°(§3,[0,l]) with A-i(O) =§3\,p(t/) andsuchthat 

s I — > O on §3\(p([/) 

s I — )■ X(P^Xq{s) on ^){U) 

defines a C°° vector field on The smoothly embedded surface ^(5) is 
invariant under the flow C,' {^\s realizes a C°° flow conjugation between the 
global flow {S,X') and [(p{S),{(pJCy); moreover imA|^(5) c]0, 1], thus 
X^JX = Cl(p(5) is necessarily a complete vector field, topologically equivalent 
to Z G X°°(5) via the smooth diffeomorphism (p). 

Let <? G and z:=(p{q). Recall that (X^{q), and c\G'^{q) are 

disk with centre x e 5 and radius X{x) orthogonal to 5 at x and n:U — >S is the C°° 
submersion defined by: 

n{'£) [x)) = {x} for all jc e 5 
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unbounded, closed subsets of R^, therefore for all such q and z, 

(z) = (p (a^ {q)) u {p} and co^ (z) = (p {co^ (q)) u {p} 

(9) 

cl^j(z) = <p(cl^^(^))uM 

Let M := cl^^(z), 6 := C*|rxm and K := {p}. is a flow on the 
compact, connected metric space M c (with the euclidean metric of D 

) and ^ is a compact, invariant proper subset of M. Now with respect 
to the (sub)flow (M, 0), it is clear from (9) that every y e M\K = M\ {p} 
belongs to A'^{K)nA+{K) as M ^ q){c\^^{q)) L\ {p} and cl^^(^) = 
^xi^) U ^xi^) ^ ^xi^) ^ ^x- Obviously K is isolated from minimals in 
(M, 0) and no x e M\K has its ttg -limit set or its -limit set contained 
in K {i.e. equal to {/?}). This immediately implies that, for this choice 
of M, 8 and K, none of conditions of Theorem 1, with the exception of 
condition 6, can hold. Therefore by Theorem 1 the above M, 9 and K 
necessarily provide a subsmooth independent realization of condition 6, with 
ambient manifold ^ = S^. This can be easily verified directly: the existence 
of a K-tree, with K = {p} and 7o = ^e(z) is now a straightforward inductive 
consequence of Lemma 3, since every y E M\K belongs to A~{K) n A+(^) 
and K is consequently non-stagnant in (M, 0). 

The example above provides the essential "dynamical piece" for the construc- 
tion of a subsmooth independent realization of condition 7.6. But in order to 
do the same for conditions 8.6 and 9.6 we need to construct a subsmooth 
independent realization of condition 6 with K a periodic orbit and one with 
K a compact aperiodic minimal, respectively. 

Example 2. subsmooth independent realization of condition 6 with M an orbit 
closure of a C°° flow v' on the ambient manifold ^ = x S\ 6 = v'|rxm 
and K = {p} x §^ C M a periodic orbit. 

Endow the compact manifold ^ = x with the C°° vector field v = 
C + j^ where p is the coordinate. Call the circles {z} x §\ z G the 

parallels of . The parallel 7={/?}xS^ is a periodic orbit of v (with 
period In), since p is a singularity of ^ G X°°(§-^). Observe that the flow 
v^) projects to the flow (S^, CO via the projection onto the 1st factor , 
more precisely, for every ? e R and m e S^, 5 e S^, 



n^ov'{u,s) = C'{7^,{u,s)) = C{u) 



(10) 
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Fig. 18: Example 2, showing the projection ("shadow") of the flow (S^ x §^ , v') to the 

flow (s^c0• 



and similarly (^,v^) projects to the flow (S\ ((9/(9p)') via the projection 
onto the 2nd factor Tt^, and thus identifying with R/2;rZ = R (mod2;r). 



V{u,s) = [C,\u),s + t{mo&2n)) 



(11) 



We will deduce all the facts needed about the dynamics of v* from these equal- 
ities. Observe that for every u e 

a) Tt,{&^{u,s)) = &^{u) 

b) Tt^{(0^{u,s)) = (0^{u) 

c) n^[a^{u,s)) = ai^{u) 

d) (cl ff^ {u, *)) = cl (m) 

a) is an immediate consequence of (10); b) and c) are time symmetric facts. To 
prove b) observe that the inclusion C follows immediately from (10) and the 
reciprocal D follows from the compactness of S^: if ^e(0^(M), then for any 
s e §1 = R(mod2;r), (x)^,{u,s) necessarily intercepts the parallel {q} x 
To see this, let — > +oo be such that C^"(m) — > q e (0^{u). The sequence 
s + ?„(mod2;r) has a subsequence (5 + ?„.(mod2;r)) .^j^ converging to some 
Sq belonging to the compact = R (mod 1%) and thus by (11), 

lim v'"' (m,5) = Um (C^"' (z), 5 + (mod2;r)) = {q^sA e §^ x 



therefore (^,5o) ^ ^'^vl"''^) since — )■ +oo. Finally, d) is an immediate 
consequence of a), b) and c). 
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Now let z e (p(T^) G §3 (see example 1) and := cl (z, b) C (cl ^{z})xS\ 

<t> •=v'\rxn aiid J Y = {p} X E>^ (a periodic orbit, see above), where b is 
an arbitrary point of Observe that from the four identities above it follows 
that 

{u,s) eel ^^{z,b)\Y =^ uecl^^{z)\{p} =^ 
=^ ueA-{{p})nA+{{p}) =^ (M,5)eA;(/)nA+(/) =^ 

=^ {u,s)eA^{j)nAl{j) 

Therefore J is isolated from minimals in (N,^) and no xeN\J has its 
-limit set or its (O^ -limit set contained in J [i.e. equal to the periodic orbit 
7 = {/?} X §^). This immediately implies that, for this choice of M := A'^, 
G := (p and K :— J, none of conditions of Theorem 1, with the exception of 
condition 6, can hold. Therefore by Theorem 1 the above A^, and / 
necessarily provide a subsmooth independent realization of condition 6 with 
/ a periodic orbit, the ambient manifold being ^ = x . 

Example 3. subsmooth independent realization of condition 6 with M an 
orbit closure of a C°° flow v' on the ambient manifold =7^ = x x S^, 
= V^IrxM and K = {p} x x C M a compact aperiodic minimal. 

Endow the compact manifold ^ = §^ x x with the C°° vector field 
t) = ^ -I- ^ -f V^j^ = V + V2j^ where p and cr are, respectively, the 
coordinates of the left and of the right S^. Since {/?} x §^ is a periodic orbit 
of V G X°°(S3 X §1) with constant speed 1, the 2-torus {/?} x x c ^ is 
invariant under and carries an irrational linear flow with slope \/2. Again 
as in example 2, the flow (S^ x §^ x §\ v') projects to (S^ x §\ v') via 
the projection ^ ^^^^ two first factors, and to (S\ {V^d /doY) via the 
projection 7t^ onto the 3rd factor, hence for every (m,s,w) G ^ and ? G R, 

n^^oy'iujSjw) = v' [7t^2{u,s,w)) = v'{u,s) (12) 
v*{u,s,w) = {v\u,s), V2t + w{mod27t)) (13) 

By an argument entirely analogous to that employed in example 2, it follows 
that taking z G (p(T^) G (see example 1), and letting M := cl ^^{z,b,c) C 
cl ^y{z,b) X §\ e := u^Irxm and K := {p} x x , where b, c are 
arbitrary points of the first (left) and second (right) respectively, we get a 
subsmooth independent realization of condition 6, with K a compact aperiodic 
minimal (see above), the ambient manifold being ^ = x x S^. 



We will now briefly indicate how to obtain a subsmooth independent reaUza- 
tion of condition 5 with K an equilibrium orbit. For K a periodic orbit or 
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a compact aperiodic minimal we only have to proceed as in examples 2 and 3. 
The analogue subsmooth independent realizations of condition 4 are obtained 
time-reversing the previously mentioned realizations of condition 5. 

A subsmooth independent realization of condition 5 with K an equilibrium 
orbit and ambient manifold is achieved through a simple (and obvious) 
modification of Beniere and Meigniez's construction: in their paper ([2], p. 23, 
bottom), the cut-and-paste operation that defines is performed only for each 
p G Zi+ (instead of for all p G Z) . Following otherwise their construction, we 
finally obtain a C°° orientable surface of infinite genus, again with its end 
points set homeomorphic to A .= {0} U{l/n:nGN}c]R and all ends^Za? 
except the non-isolated one. By Kerekjarto Theorem (see e.g. fllOil . p. 262 and 
EJ, p.26), this surface is thus C°° diffeomorphic to the surface OJl of example 
1 (i.e. to the original surface carrying a flow without minimal set constructed in 
[|2l) and hence to ScM'^. carries a C°° vector field v whose flow is no 
longer without minimal sets, as there are points x G with oc(x) = = (0(x). 
However for each limit point x E ^ of the flow v', it is easily seen that 
a{x) =0, (0(x) 7^ and both the positive and negative orbits of x accumulate 
in the unique non-isolated end of and in no other end of this surface. As in 
example 1, we have again a C°° diffeomorphism / : — > S cM? defining 
a embedding )■ IR-^ and inducing a complete tangent vector field 

X := f^V on 5 C M^. Then for each limit point x of G}^{x) is 

a closed, unbounded subset of M? and lim ||X^(x)|| = +oo (\\.\\ being 

the euclidean norm on M^), i.e. the point x "escape*" to infinite on M? 
when t — > —oo. Then proceeding exactly as in example 1, for each q eT^, 
z:=(p{q), 

cl^^(z) = (p(cl^^(^))uM 

Letting M := cl i^^(z) C d := C'hxM and K := {p}, we then have 
yeM\K ^ yEB;{K)nA+{K) 

It is now immediate to verify that for these M, 0, K, none of the 28 conditions 
of Theorem 1, with the exception of condition 5, can hold and therefore (M, 6), 
K provide a subsmooth independent realization of condition 5 (see example 1). 

We cannot enter here the details of the construction of subsmooth independent 
realization for the nine exceptional condition 7.4 to 9.6. In [12] such realiza- 
tions are given for conditions 7.4 to 7.6 with ambient manifold M.^, for 8.4 
to 8.6 with ambient manifold and for 9.4 to 9.6 with ambient manifold 
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M^, the procedure being the same in all cases. The crucial fact is that S^, 
X S\ X X embed, respectively, as codimension one, closed C°° 
submanifolds of E'*, and (for the last two the open book decompos- 
itions of and are used), and consequently have trivial normal tubular 
neighbourhoods in the corresponding ambient manifolds. 



8. PROOF OF LEMMA 7. TWO TOPOLOGICAL LEMMAS. 



Lemma 7. Let M be a locally compact metric space with a flow. If 
A (Z M is open and CMin(Z)) is dj^— dense in itself then CMin(D) is 
c— dense in itself. If D is a djj—open and dense in itself subset of CMin(M) 
then S is c— dense in itself. 

Before entering the proof, a few technical definitions will be needed. Recall 
that F := {0, 1}. For each n e N, F" = {0, 1}" = the set of finite sequences 
of O's and I's with length n. Again, since no risk of ambiguity arises, commas 
and brackets are omitted in the representation of the elements of thus we 
write, for example, 01 instead of (0,1) and F^ is naturally identified with F. 

Let 

F^" := y F*" ^■.= [_\ F« ^^ — ^U {0} 

l<m<n neN 

(=^0 is the set of finite sequences of O's and I's including the empty sequence 

0). If a,b E ^1^, ah represents, as usual, the element of obtained by 
adjoining b to the right end of a (naturally, aQ) = a = (da for every a G ) . 
For any n G N and a e F", \a\ :— n (the length of a). We now define the 
operators *,+,«,— on 

0*:=1, r:=0, {bcy:=bc* 

(Z7c)+ := bcc*, (be)* := bcc for any b e c G F, 

0~ := 0, 1^:=0 and {bc)^:—b for every Z? G c G F. 

Obvious facts about ^ and its operators such as F"+^ = {ac : a G F", c G 
F} = (F")+ U (F")* will be implicitly used without mention. 

Proof of Lemma 7. The first part of the lemma clearly implies the second: sup- 
pose 2) is a J^— open and dense in itself subset of CMin(M). By lemma 5 
(section 5), for each X G 2), there is a 5,^ > such that CMin(5(X, 5^)) C 2) 
(as X) is J^— open in CMin(M), there is an > such that B^{X,e^) fl 
CMin(M) c S. By lemma 5, there is a 5^>0 such that CMin(fi(X, 5^)) C 
Ci(5(X, 6^)) c B^{X, e^), hence CMin(5(Z, 5^)) C S). By lemma 8, 
CMm(B{X, 5^)) is a J^-open subset of CMin(M) and hence of 3). 3) 
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is J^— dense in itself (by hypothesis), and so is CMin(5(X, 5^)), since It IS 
J^— open in D. By the first part of lemma 7, CMm(^B{X, 5^)) is actually 
c— dense in itself, and obviously so is 2) = |J CMin(5(X, d^)). 

Proof of the 1st part of lemma 7. Since A is open and minimal sets are compact, 
given any E CMin(A), 5(Aq, Cg) C A for sufficiently small e„ > 0, hence 
by Lemma 6 (section 5) it is sufficient to prove that for any A^ G CMin(A) and 
Co >0, 

#CMin(5(A„,£„)) = c 

The demonstration is based on a generalisation of the idea lying behind the 
construction of Cantor's ternary set: for each A E CMin(A) and e > such 
that 5[A, e] is a compact subset of A, the existence of a continuum of 
J^— Cauchy sequences of compact minimal sets X E CMin(5(A, £)) <i^ — 
converging to a continuum of mutually disjoint, nonvoid, compact, connected 
invariant sets YcB{A,£) is proved. The result then follows since each such 
Y contains at least one compact minimal set of the flow. 

Let Aq G CMin(A) and > such that 5[A„,eQ]cA is compact. Since 
CMin(A) is J^-dense in itself, there is a Aj G CMin(A) such that 



A e5^(Ao,eJ\{Aj 
This implies A. c5(A„,e„) and, |A, L < £„ since A. is closed. Also 



Ag n Aj = since distinct minimal sets are disjoint. Let 



:= min|dist(Ao,Aj) , e„ - |A, / 3 

Clearly, > 0, 5[A„, e, ] fl B[A^ , gj ] = and by the triangle inequality for the 
metric d of M, it follows that B[A^,£^] C B{A^^,£f^). Also < Cj < Co/S 
hence B[Aq,£^] c5(A(,,e„). 

Consider now the following proposition &(n) in the variable n eN : 

A^, G CMin(A) and £^> are defined for all a G F-" and I <m<n, 
respectively, and satisfy: 

• for all I <m< n, 

a) £,„<£„,-! /3 

• for all aGF^", 



by the same argument as that given in footnote [50] ahead, changing n , b to and n + 1 , 
b+ to 1. 
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b) 5[A„,e,J n5[A„e,J=0 

Note that the truth of 0(1) is already established. We prove that 0(n) 
&{n + 1). Assume &{n) is true. Observe that it is enough 
and A^ G CMin(A) for all a G F"+^ and show that e,,^, < £„/3 and that 



to define e^^j > 



B[\:£„^,] n5[A„e„^,] =0 and 5[A,,e„^J c 5(A_,e„) 

for all aGF"+i. Define A^. :=A^ for every G F". Again since CMin(A) 
is -dense in itself, A^ G CMin(A) and e„ > 0, we may select A^^ G CMin(A) 
satisfying 

A,+ e5^(A„eJ\{Aj (14) 

With each aGF^+i we have thus associated a compact minimal set contained 
in A. Now let e 



'«+! 



min(5„^,,A„^i) where 



«+i 



min {dist (A„A^+) : Z>gF"}/3 

:=min{e„-|A^,|^^ :Z.GF"}/3 

By (14), A,^ and A^^ are distinct (compact) minimal sets hence disjoint, thus 
dist(A^,A^^) > 0; A^^c5(A^,eJ and A^^ is closed hence j^^ < £„, 

b 

therefore e,,^j > 0. Also, £^^^ <£„/3 since e^^^, ^ K+i < Observe that 
forany aeF"+\ {a,a*} = {b\b+} where b:=a-eF'\ thus {A^,A^,J = 
{A^,A^^} since A^. =A^; therefore 

5[A,e„+i] n5[A.,e„^,]=0 
since e^^j < S^^^j . To complete the induction it remains to show that 

B[\,£„^,] C 5(A_,e„) forall a G F"+i (15) 



Let b := a ; if a = b* then A^, = A^. = A^ thus the inclusion is trivial since 
£„^i < £„ /3 < £„ ; if a = Z>+ therpl 5 [ A,^+ CB (A, , e„ ) . The proof that 
&{n) ^>0(n+l) is complete. Therefore A, G CMin(A) and £„ > are 
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since all the other conditions are guaranteed to be true by the hypothesis that 0(n) is true, 
by the triangle inequality for the the metric d of M, C B 



A., A , . 

* ' I b+ \A, 



hence 



CB 



and since A , . < £„, it follows that A , L 

b b 



^ \a. 



A 



■6+ I A,, 



'3 < e„, thus B 



C B 



A, , A , . 

* ' I b+ \A, 



c 
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defined for all a and n e N, respectively and are such that condition a) 
of 0(«) is true for all m e N and conditions b) and c) are true for all a e 
Using induction again, it is now simple to deduce from c) that 

5[A„,e|^l] c B{A^,e,) for all ae^ 

B[A>,^%,\] C B{A^,eJ for all a,be^ 

To conclude the proof we associate with each infinite sequence of O's and 
I's, weF^, a compact minimal set e CMin (5 (A and show that for 
all w,veF^, w^v implies F^^F^, therefore proving the existence of a 
con^mMMm of compact minimal sets contained in B(AQ,eQ), since #F^ = c. 
For each w G F^ let w„ G F" denote the sequence of the first n digits of w. 
We claim that [A^ ) is a J^— Cauchy sequence in the compact metric space 
6 (5 [A„, £,)]). Observe that together, the triangle inequality for the metric 
of C(M), A^^ G (A^, Ci^i) for all & G c G F and e„^j < e„/3 imply that 
for all n, A; G N, 

and since e„ < eg/S" it follows that for any p,q>n 
hence 



E £ 

<2- ° - " 



therefore the sequence (A^ ) is clearly <i^—Cauchy and thus -convergent. 
Since for all n G N, 

it follows that 

limA^^=:A„G6(5(Ao,eJ) 

On the other hand, if v, w G F^ and v then there is a m G N such that 
= <' thus 

(^w„ e5(A^^,eJ forany n > m) ^ A^ c 5[A^^ ,e„] 
Ke^K^eJ forany n > m) ^ A, c5[A,^,eJ =5[A^^,eJ 
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therefore A . fi A =0 since B\A, ,e 1 fi ^TA , ,e„ 1 =0. This establishes 
the existence of a continuum of mutually disjoint, nonvoid, compact, connected, 
invariant sets A^^, G 6 (5(A„,e,))) , w G and each such A,,, contains neces- 
sarily at least one compact minimal set of the flow i^^, G CMin (5( A,,, )) C 
CMin(A)p] ' ■ 

8.2 Recall that every locally compact, connected mertic space is separable. 

Proposition. If M is a locally compact, separable metric space then so is 
[C(A/), dfj~\, where C(M) is the set of all nonvoid compact subsets of M. 

Proof Claim 1: [C(M),(i^] is locally compact. Since M is locally com- 
pact, given any K G C(M) there is an e > such that B[K, e] is com- 
pact. Blaschske Theorem {^QQ ^QC\ion 2) C{B[K,e\) is J^— compact. 
Since XeB^j{K,e) ^ X cB{K,£) ^ X eC{B[K,£]), C{B[K,£]) is a 
J/^— compact neighbourhood of K in [C(M),^<?^], thus this last metric space 
is locally compact. 

Claim 2: [ C(M), J^] is separable. Since M is locally compact and sep- 
arable, it admits an equivalent boundedly compact metric d' (every closed 
and bounded subset is compact, see e.g. [9], p. 278). Fixing OEM, M = 
[j B ,[0, n] defines an exhaustion of M by compact subsets. Again by 

Blaschke Theorem, C(5^, [O, n]) is —compact for every n>\ and hence 
-separable, thus [C(M),J^] is separable since C(M) = \J C{B^,[0, n]) . 

n>l 

Now djj and d'^ are equivalent metrics on C(M) since d and d' are 
equivalent on M, hence [ C(M), J^] is separable. ■ 

8.3 Proof of CH cDH: 

{CH =^ cDH ) .■ recall that a separable metric space L has at most a continuum 
of points. Suppose L is uncountable. Let 3 be the set of points of L for 
which there is an £ > such that B{x, e) is countable. For each x e3 define 

£^ := supjg > : B{x, e) is countable } 

Now observe that in the proof of Theorem 3, from the beginning until the end 
of claim 1 we have only used the fact that [ CMin(M), J^] is an uncountable 

^' Remark: Observe that even assuming the Continuum Hypothesis, a standard Baire cat- 
egory argument is not enough, without further assumptions, to prove Lemma 7. Suppose that 
Aq eCMin(A) and >0 are such that B[AQ,eg] is a compact subset of A. Since CMin(A) is 
d^— dense in itself, 3 := cl^ CMin (B(Ag,eg )) is easily seen to be a dense in itself and 
compact subset of ©(BfAQjCg]). By Baire Theorem, if 3 is nonvoid then 3 cannot be count- 
able, therefore assuming the Conf/nMMw //ypof/ieiK, #3 > c, i.e. 3 contains a continuum of 
distinct compact, connected, invariant subsets of B[A(j,£g]. However a priori nothing guaran- 
tees that these sets are mutually disjoint, thus the possibility of associating with each X e 3 a 
distinct (and hence disjoint) compact minimal set contained in X is compromised. 
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separable metric, hence all facts proved until there are valid for arbitrary un- 
countable separable metric spaces. In particular J is a countable, open subset 
of L and 3) := L\CT is a set such that every neighbourhood U, of each z e S 
contains uncountably many points of 2). As the cardinal of LdD is at most 
c = 2^0, the Continuum Hypothesis actually implies #{U^ HD) — c. Hence 
D is c— dense in itself. 

assume there is a cardinal < P < c. Given the 
bijection between the cardinal c D j8 and M, there is a set 5 C R with 
Kq<#5' = j8<c. With the eucUdean metric inherited from R, S is an un- 
countable separable metric space. Removing from S an arbitrary countable 
set 3 we obtain again a set !D = 5 \ 3 of cardinal #5 = # (5 \ J) = /3 . Hence 
Q < #D — P <c and therefore, since D is nonvoid, it cannot be c— dense in 
itself. ■ 
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